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PREFACE 


This book is an introduction to x\i<i subject of I)yiianii<-s 
and is intended to serve as a first * ouise on the subject. Us 
purpose is, frankly, pedagogical. .Attempt has been made 
to present the subject matter in us clear atul hicid a manner 
as possible. All important principles have been explained 
in their historical setting and have been illustrated by means 
of solved examples. Some important dynamical concepts, 
like those of force, mass and rectilinear motion have been 
examined critically and placed in a proper perspectivo 
Numerous examples have been selected from various standard 
texts on the subject and Examination Papers. The book 
is complete as far as it g(»es and it is hopced that nothing 
nf importance has been left out. It has been so written as 
to meet the requirements of the students appearing at the 
Intermediate Engineering and other competitive examinations. 

If the book proves of anv help to those for whom it is 
intended, the authors will c^cinsider their labours amply 

rewarded. 

Any suggestions for improvement or corrections of errors 
will be thankfully received. 

i 

Agra College, 1 M. HAY 

Aoba y S. U. MO AM 

May, VJ51 J 
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dynamics 

CHAPTER I 

INTRODUCTORY 

1 All Physical Sciences of which Mechanics is a branch 
depend for the description of phenomena on three fundamental 

concepts : Space. Time and Matter. 

Soace ‘Absolute space, in its own nature and without 
regard tr* anything external, always remains similar and 

immovable.’ 

Relative space is some movable dimension or measure of 
1 1 + which our senses determine by its position with 

respeoTto otlieT boares, and which is commonly taken for 
immovable absolute space. 

The unit of space is length. 

T;«ie ‘Absolute, true, and Mathematical time, of itself 
ndbvTts own nature. Hows uniformly on. without regard to 
anything external. It is called duration. 

*RMative apparent, and common time, is some sensible 
, pxtei^al meagre of absolute time, estimated by the motion 
of bodies ’ e. £?■ an hour, a day. a month, a year. 

Kif Matter is that which occupies space and can bo 

• 1 the senses, e. g. wall, iron, water, oxygen. Its 

^InSamental^property is Inertia (tendency to resist motion). 

o Measurement of Space, Time and Matter. We all 

^ffhrcc fundamental quantities intuitively. But they 

“""“Tc measured also with suffieient accuracy The measure of 
‘spMC tTungt'i, that of time is duration and that of matter ,s 

18 the quantity of matter contained in a body, 
o j i, the limited quantity of matter occupying some 

defiS-e.e.^.apieceofwood. 
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A Rigid body is a body different parts of which always 
occupy the same relative positicm, e. g. a piece of marble. 
Liquids and gases are not risid bodies. 

A Particle is a portion of matter indefinitely small in 
dimensions that the distances between the difierent portions of 
it may be neglected for all practical purposes, it may be 
supposed to be identical with a geometrical point, having posi- 
tion only but no magnitude. Sometimes bodies of finite size 
are treated as particles. 

3. Fundamental Units. F. P.S. System- The system of 
units coiuinonly used in England, in which the fundamental 
units are a foot, a stcotid and a pound, is called the Foot- 
Pound Second system. 

C. G. S. System. The furdamental units are a centimetre, 
a grammt . and a second. This is called the Metric System also. 


4- Rest and Motion. A borly is said to be at rest if it 
does iiol « haiige its position relativeXo the surrounding objects, 
(though ii might be actually moving in space). 


A bf (ly is said to be in motion, if its position relative to 
the surroumling objects is changing. 


Note. Tlu rc is no absolute rest or absolute motion in 
nature. Rest and Motion in themselves are meaningless 
concefUs. W 0 have no eriieria to know them. Even the hy- 
potheses of .ili'oluie space and absolute time are redundant. 
Tlie\ are ah si raet ions in thought, metaphysical in their character 
and Imve n<. place in the Pliysical Sciences. All tluit we know 
about njHtt< r and material bodies is the result of measurement. 

i 1 ' ^ ^ ive and dfptnds on the condi’ 

t.ons vndrr a liich the rnrasurcmnits arc ptrjonmd. Hence the 

^ta, witli ci iiieli every science starts, docs not give us nnv 
justihcaticm lor belirvinL' in absolute space, absolute time, 
absolute rest and absolute motion. 


5. Motion of a Particle. A ]a\rticle has only one kind of 
motion, called the motion of translation. It onlv changes its 

position ; It cannot rotate about itself, it can move either 

along a .straiglit line or along a curved path. Its motion can be 
imuorm or variable. 
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6. Uniform and Non-uniform (variable) Motion. If a 

.particle describes equal distances of homogeneous sjjaco in 
equal intervals of time, however short the intervals may be, its 
motion is called uniform motion. 

If the particle describes unequal distances of homogeneous 
space in equal intervals of time, however short the iiitervals 
may be, its motion is called non-uniform or variable motion. 


7. Types of Motion. 

(i) Uniform motion in a straiglit line. 

(n) Variable motion in a straight line. 

(tit) Uniform motion along a curved path. 
(iv) Variable motion along a curved jtath. 


Rectilinear motion 


8. Some Remarks on the Cause of Motion. Let us 

aralyse human experience. A ball is placed on the ground 
and we say, it is at rest relative to the earth. Mr. Shaw 
hits the ball with a hockey stick and the ball, if the hit 
is sufficient, begins to move relalive to the oartli and after 
some time comes to rest again. There is surely some difference 
between tlic state of the ball before and after the liit. One 
simple explanation of the change may be given in the following 
manner : — 

Newton has said, "Every body continues in its state of 
re.st, or of uniform motion in a straight lino except in so far 
as it be compelled by external impressed force to change that 
state.” 

Comparing the example cited above with N(jwton’s state- 
ment it is at once obvious that 7at’ is synonymous with llie 
external impressed force. Experience shows that if the hit is 
not sufficiently intense, the ball may not move at all ; but if 
the intensity of the liit i.s gradually increa.sed, there will conic 
a time wlien the ball begins to move. Hciice the iiit may lie 
looked upon as something which tends to change the state < f 
rest of the ball. 

^Vhat happens to the ball if we imagine that there i.s no 
resistance to its motion ? The second part of Newton’s siaie- 
ment at once comes to our aid, that the ball will continue 
moving uniformly in a straight line. Here also experience 
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shows that if the ground be made more smooth the ball moves 
for a greater length of time. Therefore it is quite reasonable 
to infer that if the resistance were completely removed the 
ball would move for ever. But there is one limitation in this 
concept of the cause of motion. 

So long as the forces, conceived as the cause of motion, 
are confined to thrusts and tensions, where there is supposed to 
be d’rect contact of material, the hypothesis works quite well. 
But it cannot be applied to cases of Action at a distance, that 
is, where there is no material contact between the cause of 
motion and the body which moves under the influence of that 
cause. The action of sun on earth cannot be explained on this 
hypothesis. Hence force must be looked upon, not as some- 
thing given but as a convenient hypothesis which describes 
certain motion of the material bodies. 

9. A Classification. All quantities may be divided into 
two classes : Vectors and Scalars. 

A quantity which has magnitude, direction and sense is 
called a Vector quantity or simply a Vector. Vectors are also 
called directed quantities, as the}' can be represented in 
magnitude, direction and sense by means of straight lines of 
definite length, e.g. force, displacement, velocity, acceleration. 

A quantity which has magnitude only is called a Scalar 
quantity, e.g. mass, time, density. 

10. Mechanics Defined- The name Mechanics was origi- 
nally used to designate the science of making machines. It is 
now apj)lied to the whole theory which treats of bodies in 
equilibrium, as well as in motion, with or without reference to 
mass or force. 

It lias two branches : Statics and Dynamics. 

Statics is the science that treats of the action of forces 
on bodies at rest : or more rightly, of the forces in equilibrium. 

Dynamics is the science wliich treats of bodies in motion. 
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RECTILINEAR MOTION 

11 . When a particle moves in such a way that its path 
obtained by joining its positions at different instants is a 
straight line, the motion is called rectilinear motion- The 
motion may or may not be uniform. 

12- Can a line be straight • We do not deny that it is 
not possible to think of a line as straight. We simply enquire 
if there is anything in nature which may be called a straight 
line in the strictest sense of the term ; in other words, if there 
is any j)hysical basis for believing in this concept ? The idea 
of a straight line is introduced in the earlier classes during 
the study of Euclid’s Geometry. A straight line is defined as 
the shortest distance joining two points. Put how do we know 
that of a number of distances between two points there is one 
and only one which is the shortest ? The answer at once 
suggests itself that by measurement with a suitable scale we 
can at once decide the quc.*tion. Put what docs this suitable 
scale mean ? The word suitable here implies, that we shall take 
a scale which is itself straight and not a curved one. Hence 
it is clear that to judge the straightness of a line we require a 
scale which is straight. Put how do we know that the scale 
■wliich we have chosen is really a straight one ? The only 
answer is that we shall test it by means of another scale, and 
this testing will go on for ever because we never know whether 
the fir.st scale with which we started was really a straight one. 
Some of our enthusiastic readers may say that light travels in 
straight lines and that by using delicate optical instrumeutB one 
ean easily by comparison decide the question of a material 
«cale being j>erfectly straight. But recent researches in l^hy- 
«icB have established it beyond the shadow of doubt that the 
track of a light ray is slightly curved and that it is not per- 
fectly straight. This settles the question that in the present 
elate of our knowledge there is nothing in nature which corres- 
ponds to our idea of a straight line. This, however, does not 
in any way lessen the inijx)rtancc of the straight line or of th© 
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rectilinear motion, because in the world of every day experience- 
we have to deal with cases which for all practical purposes 
may be considered as those of rectilinear motion. Therefore a 
science based upon the concept of straight lines cannot be of 
a universal character, 

13. If at any instant the po- 
sition of a moving point be P, and 
at any subsequent instant it be Q, 
then PQ is the change in its po- 
sition in the intervening time. 

14. Speed. Tlie speed of a moving point is the rale at 
which it describes its path, without any reference to direction. 

The speed is uniform or constant when the point moves- 
tbrough equal lengths of its path in equal intervals of time, 
however .small these intervals may be. A ship sailing at the- 
rate of 60 miles an hour cannot be said to be sailing at a- 
constant rate, unless it sails one mile in one minute, 88 feet in 
one second, 1 foot in seconds, one-millionth of 60 miles in 
each one-millionth of an hour and so on. 

When uniform, the speed of a point is measured by the 
distance traversed by it in a unit of time. At every instant of 
its motion the speed has a constant value. 

When non-uniform or variable the speed changes from 
instant to instant and at no two different instants the speed 
has the same value. Hence to describe motion it is necessary 
to mention the instant at which the speed is given and also to 
give the manner or law according to which the speed ohanges- 
either w’ith respect to time or with respect to distance. 

The variable speed may be measured at any instant in the 
following w'ay : In the figure of Art. 13, if PQ = s be the dis- 
tance traversed in one second, and «|, Sj be the distances 


0 P Q' 

Fig. 1 


traversed in 


1000 


second rsespectively, then 


in the infinite collectionf^ •«»—- » » » ) each 

\ TO fOC 1000 ' 

ratio gives a nearer approximation to the speed at P than all*, 
the preceding ratios. 
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In the language of mathematics this can be put as 

8 be the length of the portion of the path described by the 
Let 8 J ii ,[ j following the instant under consider. 

-n as the time t is taken emalUr 
:nd”’maiL' r//!: -lure of I ipee<i of ike moo.n, point at ike 
instant under consideration. 

15. Displacement. The displacement of ^ “oving , pomt' 

r.l:"'lE2 theii^idacienro^rpri^^i J-oic j, 

Eoth ragnitude and direction. It is therefore a vector quan, 

tity. 

16. Velocity. The velocity of a moving point is the rate of 
its disjdacement. 

A velocity therefore possesses both magnitude and tbr^c- 
tinn It ullLcW speed has 

mference to magnitude only and is therefore a scalar quantity. 

The distinction between velocity and speed becomes more 
clear when the point is moving along a curved path. 

V i« caid to he moving with uniform or constant* 

velocity when it is moving in a fixed direction and passes over 

equal lengths in equal times, however small these limes may. 

When uniform, the velocity of a moving point is 
by its d 'splacement per unit of time ; when variable, the 

17 . If the velocity of a particle when moving 

Q be'Lnoted by a, then -f ‘‘ ty “ 

velocity v, wc can say, .that it has a velocity 

PQ in the second case. 

a velocity 5 miles per hour due east, and — • nii e 
per hour due ;tt a?e two different ways of stating the same 

The enprcsBion 3 feetepecondsism nodr ply 3 ft./sec. means 
that the particle describes 3 feet in rone .seoo 
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18. Average Velocity- If a particle moving either with a in- 
form velocity or with a non*uniform velocity along a straight line, 

describes a distance a in time i, then, — is called its average 

velocity during the interval of time i. 

If the motion is uniform, the average velocity and the uni- 
form velocity are identical. 

If the motion is non-uniform, the average velocity in a 
given interval of time is the velocity, with which if the particle 
moves uniformly, it will describe the same path as the given 
particle in the given time. 

19. Relative Velocity. The relative velocity of a point B 
with respect to a point A is the rate of change of B’s position 
relative to A, in a definite sense and direction. 


Consider the case of two trains moving on parallel rails in 


the same direction with equal velo- 
cities. Let A and B be two points, 
one on each train. The line AB 
would remain constant in magnitude 
and direction, and the velocity of B 
relative to A would be zero. 




Fig. 2 


Kext, if one train moves at the rate of 25 miles per hour 
and the other at the rate of 20 

miles per hour in the same direction, 

the distance AB will no more be 

a constant. If we neglect the 

distance between the parallel rails, ^ 

then, the point B is gaining 5 miles 


4 -^ 




Fig. z 

evei^’hour over A. Hence the relative velocity of B with res- 
pect to A is 5 miles per hour. 


Again, in the above illustration, if the two trains are mov- 
ing I in opposite directions, B is 

gaining at the rate of 45 miles — 4 

per hour over A, which is there- 

fore the velocity of B relative to 

A. ~ 7} zd 

Fig. 4 
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20- Compounding ot Velocities. Theorem of Parallel- 
ogram of Velocities- if a moving point possesses simultaneously 
velocities which are repre'^ented in magnitude and direction hy 
the two aides of a parallelogram drawn from a point, they are 
equivalent to a velocity which is represented in magnitude and 
direction by the diagonal of the parallelogram passing through the 
point. 

Consider an insect P crawling along a straight rod AB 
with a velocity u, while the rod itself is being moved in some 
other direction AD with a velocity v. Initially the insect is at 
A. At the end of I second, the 
rod AB will be in the position 
A| Bi and the insect will be at 

V 

P, where AA, = -— , A|P==-;r-. 

Again, at the end of one second 
the rod AB will be in the posi- 
tion DC. and the insect will be 
at C. Hence at each instant of 
motion the insect will be some- 
where on the line AC, and since the two co-existent velocities are 
constant in magnitude and direction, the velocity from A to 
C is also constant both in magnitude and direction. 

Therefore AC represents a velocity which is equivalent to 
the velocities AB and AD, both in magnitude and direction. 
Whether the insect moves along AC with a velocity represented 

by AC, or whether it posse-sses simultaneously two velocities 

represented by AB and AD, the effect will be same in both 
cases. Starting from A it will reach C at the end of one second 
in both cases. 



The velocity AC is called the resultant of the velocities 
AB and AD, and in the vector notation, it is written as 
AB-|-AD=AC. 
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It is to be noted that the left hand side does not mean a 
scalar sum ; it on the contrary represents a vector sum, which 

means that the velocities AB and AD have been compounded 
according to the law of parallelogram of velocities. 

The velocities AB and AD are called the components of the 
velocity AC. 

21. To find the resultant of tuxt velocities u and v inclined 
at an angle a to one another. Let the velocities w and t> be 
represented in magnitude and direction by the lines AB 
and AD, and let /.BAD = u. Complete the parallelogram 
with AB and AD as adjacent sides and let AC be the diagonal. 
Then, by the parallelogram law of velocities, AC will represent 
in magnitude and direction the resultant of the velocities 
u and i>. 

From C draw CE perpendi- 
cular to AB. Then, 

AC*=AE2+CE* 

= (AB + BE)*+CE* 

= (.AB + 31C.co 8 a)*+BC-.sin®a 
= AB2-i-BC*+2AB.BC.cos a 
=^AB2+AU®-h2AB.AD cos a 

If the resultant velocitv be 
represented by u>, 

tv-ssu^ + v- ^ 2uv cos a. Fig. 6 

The angle which the resultant makes with the direction 
of u i.s given by, 4. CAB - 0. 

CE CE 

“‘“®=aT; = ab+ee 

i> sin tt 
cos a' 

Cor. I. If the velocities ti and y be at right angles ; ».e., 
if a = 90°. then te’— and tan 0 = -^. 

Cor. n. If the velocities be equal ; i.e., ti= y 
u’® = 1 -f cos a) 
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U 



COS* 


a 



w~2u cos 



and tan 


sin a 
I + cos a 


^ . a a 

2 sin - 5 - cos 


= tun 


a 


2 cos^ 


a 



Thus, in this case the resultant bisects the angle between 
the components. 

22. A given velocity w represented in magnitude and 

direction by AC can be re.solvcd into two component velocities 
in an infinite number of ways ; because an infinite number of 
parallelograms can be constructed with the given line AC as 
the diagonal. The sides AB and AD of one such parallelogram 
represent the two component velocities both in magnitude 
and direction. 

In a particular case when the component velocities are 
perpendicular to one another, they are called the resolved j)arts 
of the velocity to. fn this case the parallelogram degenerates- 

into a rectangle. 

The resolved parts of the velocity w in a given direction 
making an angle 9 with the direction of AC and perpendicular 
to the given direction can be found, by simply constructing 
a rectangle, of which AC is the diagonal. Draw a line making 
an angle 9 with AC through; the point A and complete the 
rectangle ABCD. By the parallelogram law, AB and AI> 
represent the resolved parts of w in the required directions, 
both in magnitude and direction *.c., w cos 9 and w sin &■ 
respectively. 
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In Fig. 8 the resolved parts of w 

•(AC) are, according to the above rule 

AB' and AD. Hence the resolved parts 
*in the directions AB and AD are 

AB' reversed and AD. 


AB'=ta cos CAB' 

=W cos (rr—Q) 

= — w cos 0. 

AB' reversed = —(AB') 

•=W CO80. 

The resolved part along 
AD is w sin 0. 

In either case the 
resolced part of w along 
AB is IV cos 0. 




Fig. 8 


Thus the resolved part of a given velocity in a given direction 
is equal to the product of the given velocity and the cosine of the 
angle which the given velocity makes with the given direction. 

In either case the resolved part of w along AD is tasin 0. 

Thus the resolved part of a velocity in a direction perpendi- 
cular to a given direction is equal to the product of the velocity 
and the sine of the angle which the given velocity makes with the 
•given direction. 

Cor. I. When 0 = 0 ; i.e., cos 0 = 1, the resolved part 

is w. 


The resolved part of a velocity in its own direction is the 
■original velocity itself. 

Also, sin 0 = 0, the resolved in the direction perpendicular 
to tile given direction becomes zero. 

Hence a particle on account of its velocity in a particular 
•direction only, cannot move perpendicular to that direction. 

Ex. 1. Resolve 5 ft./sec. along OX and OY, given that 
it makes an angle of 30® with the direction OX. 
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Resolved part along OX=:5 cob 30’ 


5v/3 


- ft./sec. 


Ricsolved part along OYssS Bin 30*—-^ ft./sec. 

Ex. 2. Resolve 15 cms./sec, along OX and OY, given- 
that it makes an angle of 120* with OX. 

15 

Resolved part along OX = 15 cos 120®= — ^cms./sec. 

15 .y 3 

Resolved part along OY=15 sin 120*= ^ cms./sec. 

23. To find the components of a velocity in two given direc- 
tions. We wish to find the 

components of w = AC in the 
directions AB and AD 

where the angles CAB and 
CAD are a and /3 res- 
pectively. Complete the 

parallelogram ABCD, with 

AC as its diagonal. The 

components are AB and AD. 

In the triangle ABC, 

AB _ BC AC 

sin (3 ~~ sin a ”sia ( tt — « — (3) 



AB = 


sin P 
sin 


BC=AD=m. 


Bm a 


sin (a + /J) ' 


Jr 


(X=Q and a -h /3 = - 5 - , we have the case discussed in> 
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Art. 22. Then, 


AB 


z=.u sin^ 


IT 

J 


ft ^ = ti cos 0 , 


AD=u sin 0 . 

24. Theorem of Triangle of Velocities. If a particle 
possesses two simultaneous velocities represented in magnitude, 
direction and se.Tise by two sides of a triangle , taken in order, 
the third side of the triangle, taken in the reverse order, represents 
their resultant in magnitude, direction and sense. 

The phrase ^'taken in 
order" means that if we start 
from A and travel round the 
trianj^le ABC, we should 
proceed from A to B, B to C, 
and C to A ; wc can also 
pro{:eed from A to C, C to B, 
and B to A. In both these 
cases [AB, BC, CA] and [AC, 

CB. B.\] the. sides are said to 
be arrant^ed in order. Clearly, the second order is the reverse 

of the first. 

Hence if tho two simultaneous velocities of the particle 

are AB and BC, the resultant is AC. This can at once be 
deduced from tho law of parallelogram of velocites. 

Complete the parallchifrrara ABCD. 

The lines AB and BC represent the same velocities as the 
line.s AB and AD. But AB and AD are the adjacent sides of 
n j>arallelo;'rain, hence the diagonal AC represents their 
resultant, both in magnitude and direction. 

In vector notation, we may express tho above result as 

follows : — 


I> C 



Fig. 10 


We have to prov^e, AB + BC = AC. 

L. H. l!>. = Ali + AD [Since AD=BC. being opposite 

— ♦ sides of a parallelogram]. 

= AC 
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Cor. 1. If a particle has simultaneously three velocities, 
which can be represented in magnitude and direction by the 
three sides of a triangle, taken in order, the particle will be at 
rest. 


^ w ^ 

For, let AB, BC, CA be the three simultaneous velocities 

of the particle. The resultant of AB and BC is AC (By Art. 24). 

But AC and CA balance each other. Hence the particle is 
at rest. 


25. To find the resultant of two velocities 
along OA and OB respectively. 



?\.OA and m.OB 


Join AB and take a point C in AB, 
such that 

A.CA = ;..CB (1) 

By Art. 24, the velocity A.OA is equiva- 
lent to the velocities ?\.0C and A.CA. 


MOB 


Also the velocity /*.OB is equivalent to 
the velocities h.OG and m.CB. 



X .04 

s j 

Fig. 11 

The velocities /^.CB and A-CA destroy each other by virtue 
of (1), and the velocities A-OC and /*.OC are equivalent to the 
velocity (A“H/*)* OC, which is therefore the resultant velocity. 


26. Polygon of Velocities. If a particle possesses simul- 
taneously velocities represented in magnitude and direction and 
sense by (n— 1) consecutive sides, taken in order, of a polygon 
of n sides, their resultant is rej)re8entcd by the remaining n'* 
side of the polygon taken in the reverse order. (The sides of 
the polygon need not be in one plane). 
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By Art. 24 , the velocities AB and BC are equivalent to AC 


Again the velocities AC 
and CP are equivalent 


to AD. Continuing in 
this way, we have the 
last set of velocities 

AF and FK, which 
are equivalent to the 



velocity AK. 

27 . To find the resultant of any number of velociti-es of a 
particle in different directions in the same plane. 

Let Hi, Vi, be the simultaneous velocities of a particle 

at O, all the velocities being in the same plane. Take any two 

perpendicular straight lines OX and OY and let Vj, v,, 

make angles Bi, 02 with OX respectively. 


Resolve v^, v, along OX and OY. If V be the resul- 

tant velocity of O, making an angle 0 with OX, then we 
must have, 


V cos ft = v, cos ©i-hVa ...~X ( 1 ) 

V sin ^=1’! sin ©i + t's sin ©j-l- ...=Y ( 2 ) 

Squaring and adding VI 


= (t’j cos ©i + i'a cos $3 + 

sin + 

= ri2 cos= 9 i + V3^ coa* 02+ 

Vo cos 01 cos 02 + 

+ I’l® sin- 01+V3* sin® 0^+... 
+ 2 <’1 Vj sin 01 sin 0a + 


= Vi2-|-r3*+ 

H-2viV;(co 3 01 cos0a + sin 0i 

sin 02)-i- 


\ 



Fig. 13 
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4-2t;ir, cos ©i)+ 

s=t;,*+i;j* + + 2 V|t ;2 cos t>it; 3 + 2 y,t ;5 cos r|Vj4- 

wher© tJit;j=angle between Vj and v,. 

Dividing (2) by (1), 

Y Vj sin 0) + Vj sin 

tan 0 = -x = 2 ,^ cos e,H-Va co8’e*+ 


Ex. 1. A truck is moving along a level road at the rate of 
40 miles per hour. In what direction must a bullet be shot 
from it with a velocity of 352 yds./sec., so that its resultant 
motion be perpendicular to the truck. 


The velocity of the truck 
- 60 X 60 ‘ 


m 

3 


ft. /sec. 


Suppose the l)unct is shot in 
the direction AB making an angle 
Q with CA produced. The velo- 
city of the bullet is 1056 ft./sec. 
the bullet is along AY. then, the rcsoivuu pa.. 
of the bullet along CA must balance the velocity of the bullet 

due to the motion of the truck. 



1056 cos 6= - 


176 


cos G = 


176 


1 


or ©= cos"' 


3x 1056 “18 
1 


18 • 


The velocity of the bullet along AY is 


1056 sin 0 = 


1056 

18 


176 

3 


\/323 ft./sec. 


Fx 2. A mail train of length 100 yds. and a paasen^o 
train of length 150 yds. run on parallel lines at full speedL 
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^ey pass each Other in 5 secs., when they run in opposite 
directions, and in 30 secs., when they run in the same directions, 
J^ind the speed of each train in feet per second. 

Let u be the speed of the mail train and v that of the 
passenger tram m feet per second. In order to pass each 
other, each tram has to travel 250 yds. or 750 feet. 

The relative velocity of the m*ail train, when the trains 

are moving m opposite directions is (u + v) ft./sec. 

* 

Tlierefore (u + v) 5 = 750. 

or u-\-v =150. 

Again, when the trains are moving in the same direction 
the relative velocity of the mail train is {u -c) ft./sec. 

Therefore (a-v) 30=750 


or 



Therefore 


J7« 

ft./sec., t» = 


"2 — It /sec. 


If ^ ’velocities in two given directions. 

If one of tliese velocities be halved, the angle which the result 

ant makes with the other is halved also. Find the angle between 
the velocities- ® 


Let AB and AD be two equal velocities inclined at an 
angle 20. The re.sultant velocity is given by AC. 


The resultant of AE [= and AD is AF. AF bisects 

the angle DAC. By a simple theorem of Geometry' 

AC _ CF 

AD DF ^ is the middle point of CD, 


o 
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Therefore AC=AD, 

(But AC2=AB*+AD»+2AB. 

AD. cos 29. 

=4 AC* cos*©. 
or Cos 0 = 1 

©«60® and 

/i DAB =120®.] 

Aliter. Since AB = AD and 

AC = AD, 

, AB=BC=AC, and ABC 

is an equilalteral triangle, 

£_ CAB = C0° and 

^ DAB=120®. Pig 15 

4 . A stream flows with a velocity r ft /sec Sl.nw th.f 

tXsteam''"V> “P »"'down 

When flowing down the stream he will bo heln^H Kt, t\ 
stream and his velocity will be c+t,. Therefore the iime taken for 

fl 



swimming a distance d is 


c-\-v 


secs. 


Similarly, hLs velocity up the stream is c-t;. and the time 

taken to swim the distance d is — secs. Therefore the time 
for the up and do^vn journey is 

r= + A 

c+v c— o 


2cd 


secs 


Now, in order to swim from A to B the 
swimmer must alway point in the direction AD /> 
because the current will drag him in the direction ^ 
DB. Therefore, his velocity along AB is y g* — 
Hence to swim from A to B and then from R 
A, he will take Tj seconds. 

^ 2d 

c»- v* 


T| = 


v' C* — 
2 cd 


J 




( 2 ) 



Fig. 16 
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From (1) and (2) it is clear that if then T > T|. 

Examples I 

t 

t. A particle O has three simultaneous velocities 1 ft./sec,. 2 iL/ 
sec. and 3 ft./sec along the sides of an equilateral triangle, taken hi 
order ; find the magnitude and direction of the resultant velocity. 

2. ^If a point has a velocity of I ft. per sec. to the east and also a 
velocity of y'3 ft. per sec. to the north, determine the velocity which 
must be compounded with these to bring the point to rest. 

3. A ship is sailing north at the rate of 4 ft. per sec. ; the 
current is taking it east at the rate of 3 ft. per sec., and a sailor is 
climbing a vertical pole at the rate of 2 ft. per sec. ; find the velocity 
and direction of the sailor in space. 

; 4 . If two velocities u and v are inclined at such an angle that 
theirTcsultant is u, show that if u is doubled, the resultant of2 u and v 
is at right angles to v. 

5. Find the components of a velocity of 100 ft. per second along 
> two directions inclined at 30^ and 45° respectively to its direction on 

opposite sides and in the same plane with it. 

6. A train going at the rate of 45 miles an hour takes \ minute in 
passing another train 230 yds. long going in the same direction at the 

rate of 15 miles an hour. What is the length of the first train. 

7. A man is in a boat at a point O on the bank of a river 90 feet 
broad ; the stream flows with a velocity of 4 miles per hour and the 
man can row at 6 miles per hour ; A is the point on the opposite bank 
perpendicularly opposite to O. In what direction must be row so as to 
take least time to cross the river, and find this time. 


CHAPTER ill 

ACCELERATION 


28. Ch8ng6 of Velocity* Instances of motion involving 
change of velocity are found everywhere in nature. A railway 
train does not attain full velocity immediately after the motion 
has started. The velocity slowly increases until after some 
time it becomes fairly constant. Similarly, a fast moving 
train does not immediately come to a standstill. The velocity 
slowly diminishes when the brakes are applied to the wheels. 

The velocity of a body may be either uniform or variable. 
In the latter case the velocity may change in magnitude or 
direction, or in both. 

If there is a change in the magnitude only and no change 
in direction, and if the initial velocity is u and the final velo- 
city after a time t is v, then, 


The change in velocity in time / = v— u. 


When there is a change 
in direction also, suppose, 
that the initial velocity is 


represented by AB and the 

final velocity by AC. Clearly, 
by the Law of Triangle of 

velocities AB + BC = AC. 


C 



Hence BC must be compounded with AB to give AC. There- 
fore BC represents the change in velocity. 

Hence, the change in velocity during a given time is that 
velocity, which, compounded with the initial velocity, is 
equivalent to the final velocity. 
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29. Acceleration. The acceleration of a moving point is 
the rate of change of its velocity. 

It has magnitude, direction and sense, and is therefore a 
vector quantity. It obeys the Law of parallelogram of the 
combinations of vectors and also other theorems of vector 
algebra. 

When the velocity of the particle moving in a straight line 
increases, the acceleration is positive and when it decreases, 
the acceleration is negative. The negative acceleration is also 
known as retardation or deceleration. 

30. Uniform and Variable Acceleration. A particle is 
said to be moving with a uniform acceleration, if the change of 
its velocity is always in the same direction and is proportional 
to time ; i.e. if the change in velocity is equal in magnitude 
and direction in equal intervals of duration, however small or 
big the intervals may be. 

The acceleration of a particle is variable if its magnitude 
or direction or both change with respect to time. 

The motion of a particle in a straight line whose accelera- 
tion changes with respect to time furnishes the case, where, 
only the magnitude of acceleration is changing. 

The motion of a particle in a circle with a uniform speed 
is an example in whicli the acceleration is ever changing its- 
direction. 

The motion of a particle with changes in both magnitude- 
and velocity is furnished by the general motion of a particle 
along any curve. 

31. Measurement and Unit of Acceleration. The uni- 
form acceleration is measured by the change of velocity im 
unit time. 

For variable acceleration it is necessary to mention the 
instant at which it has been measured. If u is the velocity 
at the beginning and v is the velocity at the end of time 

then, the ultimat-e value of ^ ^ ^ taken smaller and 

smaller, measures the acceleration in the direction of motion, at 
the instant under consideration. 
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In F. P. S. system the unit of acceleration is the aooeler*- 
tion of a particle whose velocity changes by 1 foot-seo., 
during every second, and is called one foot per second per 
second or 1 ft./sec.®. 

In C. G. S. system the unit is one cm. per second per 
second or 1 cm. /sec.*. 

32. Theorem of Parallelogram of Accelerations. // <» 

moving point have simultaneously two accelerations represented *n 
magnitude and direction by two sides of a parallelogram drawn 
from a pointy they are equivalent to an acceleration represented 
by the diagonal of the parallelogram passing through that 

point. 


Let the accelerations be re- 
presented by the sides AB and AD 
of the parallelogram AliCD ; t.e. 

let AB and AD represent the ve- 
locities added to the velocity of 
the point in unit time. On the 



same scale let EF represent the Fig. 18 

velocity of the particle at some instant. 



Fig. 19 
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Draw the parallelogram EKFL having its sides parallel w 
AB and AD, and complete the parallelogram EMON, with 

AB=FG. AD=FP. 

Initial velocity 

EF— EKf EL. 

After one second, the velocity components are EM and EN; 

KH=sAB and LN = AD, being the accelerations or the changes 
^ velocities in the directions EK. and EL, 

Therefore, the final velocity is 

Hence, by the triangle of velocities, 


EF+FO-EO. 

that is, FO is the change of velocity. 

But FO = AC, the diagonal of the parallelogram ABCD 


Hence the resultant of the accelerations AB and AD is the 

acceleration represented by AC both in magnitude and 
directiorr:* 


33. A 'point move^ in a straight lint, starting with velocity 
«, and moving with constant acceleration f in its direction of 
motion; if t' be its velocit*^ at the end of time t, and s be its distance 
at that instant front its starting point, then 


(1) V =u +ft. 

( 2 ) + 

(3) 

1. u = initial velocity. 

i)= velocity at the end of time t. 

/ = acceleration, which is uniform. 
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acceleration 

Acceleration denotes the change in velocity in unit time. 
Hence in time t, the change m velocity is jt 

V — «-=change in velocity in time i~ft 

v=u+/(. 

2. IffliBthe distance traveled in 
average velocity during the interval under consideration, 

we have 


V= ^2^ = « + 'f- 


8-y 


[ from (1) 1- 

( 2 ) 


3. From (1) 


t — 


w — u 


Putting the value of t in (2). we get 




+ 




) 


t 


“ 2 


or e*— u*=2/< 

f S. 

Another proof of (3) 

If V is the average velocity 

v - 2 ■ 

and the change in velocity 
ft=v-u. 

V — « 

7" * 

Now the distance travelled, t.e. s=V t 

v+u 


t= 

tf 


t; — u 


- 2 • / 
+ 2 / 6 ^ 
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Cor. If the particle starts from rest, tt=*0 and therefore 
the above formulae become, 

v=fi 

and y* = 2/.?. 

34. Space described in any particular second. 

If a particle starting from A reaches *.B in {t 1) seconds 
and C in f seconds, then BG is the space described in the t 
second, 

BC=AC-AB 

Another method of calculating BC is as follows 

The velocity at B is W|, 

Vi = u +■/(<— 1) 

BC = e, + */ [i=l, since BC is described in one 

second]. 

In the above forniiila putting < = 1, 2, 3.... n wo get the 
spaces described in the lirsl, second, third,... and n‘* seconds 
of the motion. The spaces arc 

w-hi/ » + " /• 

These distances form an arithmetical progression whose 
common difference in f. 

Ex- Prove that if a {)article move with uniform accelera- 
tion, the spaces described in consecutive equal intervals of time 
are in arithmetic progression. 

Ex. 1. A point starts with a velocity of 100 cms. per 
second and moves with —2 cms. /sec*, acceleration. When will 
its velocity be zero, and how far will it have gone ? 

v^u+^t 
0 = 100 - 2 < 
or t = 50 seconds. 
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Again 

0=lO02-4.y 

or « = 2o00 cms. 

Ex- 2. A body starting from rest and moving with uni- 
form occeleration. describes J 71 feet in the 10** second; find 
its acceleration. 

Here u is zero. The space described in 0 seconds, 

The space described in 10 seconds, 

«a=i/.100. 

Therefore the space described in the tenth second, 
aj - Si = 171 

171 =i/(100-81), 


or 

or 


Ex. 3. A train, which is uniformly accelerated, start®, 
from rest and at the end of 3 secs, has a velocity with which 
it would traverse through 1 mile in the next minute ; find the^ 
acceleration. 

Let the uniform acceleration be f ft./sec*. Then, the velo- 
city at the end of 3 socond.s is, 

u = u-f- fl 

or v = ‘Sf 

Now the body travels 1700x3 feet in the next 60 seconds^. 

or 1700x3 =3/ X 60 + */. 3600 
or /= 3 = 2 | ft./sec®. 

Ex. 4- When a car is passing successive milestones ita- 
velooity is noted as being 10 mls./hr. and 15 mis. /hr. [f it ia 
uniformly accelerated, find its velocity when passing the next- 
milestone and the time taken. 

In passing from one milestone to another, the velocity of 
the car changes from 10 mls./hr. to 15 raU./hr. Therefore tlio 
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^oeleration is given bv 

i;*=u*4-2fa, 

I5»=10* + 2/. 

mls./hr^- 

Hence its velocitv when nasBing the next milestone is 

=*16* + 2x -f-. 


or 


v=v^50 mlB./hr. = 18'7 mls./l^r. nearly. 

The time t taken to travel from the second to the third 
mile-stone i-< given by 

y'3M=15+^ t, 


. 3-7x2 . 

or r=^j 25 — 

7-4x60 . 
- 126 


3*6 minutes nearly. 


Ex. 5. A train takes time T to perform a journey ; it 

•Vavele for time — with uniform acceleration, then for time 

n 

{i% ^ 2)T T 

^ with uniform speed V, and finally for time — with 

■eonstant retardation. Prove that the average speed is 

V. 

n 

Let S be the total distance travelled. The train starts from 
Test from O and due to uniform acceleration its velocity at A 
becomes V. Hence the average a 3 

velocity for motion from O to A A ' ■ C 

V 

. The velocity is V at B 2 q 

and because the distance BC is described in the same time as 
•the distance AB, it is evident that the average speed for this 

V 

part of the journey is also 
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1 M 

n / n 




=T. ”-=i V. 

n 

Houc& the average velocity for the whole journey is 

V 

T n 


Ex. 6- Two trains, each 600 feet long, are running oa 
straight parallel tracks in the same direction. At a certain 
instant one is travelling at 60 miles per hour with a deoelera- 
tioQ of 0'2o ft./sec®. and the other at 15 miles per hour with 
an acceleration of 0*5 ft. /sec. ^ and the head of the faster 
train is just level with the tail of the slower one. 

How long will it take the faster train just to clear the 
slower one ? 

Suppose AU and CD represent the positions of the fast- 
and slow trains respectively. After time t the positions are 
denoted by AjBj and CiDi, when the fast train has just 


B A A 3^: Af 

Fig 21 

cleared off the slow train. 

The distance travelled by the fast trains 1200-f-Th* 
distance travelled by the slow train. 


or 

AA,= 1200+CC, 

W 

But 

AA,=88<— i (0-25)<» 


and 

CC,=22<+| (0*5)<* 



Substituting in (1) we get 

— 1200 + 22 ^+ 1 /* 

or (*-176( + 3200=0 (2> 

Therefore <=20*65 seconds or 155*35 seconds. 


After 20’65 seconds approximately the train AB will just 
clear the train CD. i.e., the tail of AB, the point Bj, will just 
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•coincide with the head of CD, the point Cj. As time passes 
after this occurrence, the train AT? for some time will remain 
•ahead of the train CD. But due to deceleration the velocity 
of AB is constantly diminishing, while that of CD is constantly 
increasing. So after 155*35 seconds, once again the tail of 
AB will just coincide with the head of CD. 


Examples n 

s 

1. A train is moving with a uniform speed of 45 miles per hour 
and the brakes produce a retardation of 4 ft. /sec*. At what distance 
from the station should the brakes be applied so that the train may stop 
-at the ^ta^n ? 

train starting from rest moves with uniform acceleration 
andJpcscribc.s the first mile in two minutes. If it now moves on with 
-a uniform velocity, how long will it take to describe another mile ? 


3. A body moves over 30 feet during the 5th second and 42 feet 
during the 7th second of its motion. Find the space passed over in 10 
-seconds. 


4^ A bullet passes through a wall 9 inches thick. If its velocity 
changes from \000 to 600 ft. /sec., find the reUrdation produced by the 
resistance of the wall and the time occupied in passing through it. 

^ bullet strikes a sand-bag with a velocity of 1200 ft./sec. 
^ and penetrates a dist.ince of 4 feet. Find its velocity after penetrating 
2 feet, asBuining the retardation to be uniform •' ** «» 

, 4 / 

• « ^ w* * u*? velocity after penetrat- 

ing 3 in^es. How much farther will it penetrate ? 

• 

7. A ball rolling down a slope w th uniform acceleration oassese^^ 
series of posts driven in the ground at intervals of Vo fe?? ^ 

three successive posts are e,. e,. ,.3! Pro5e thtt 


movcs^n^as^tr^lMlfn^''^^^'''*' ^ ^00 cms. per second an 

.apse, ^ 


9. Two points move in the 
same moment from the same point 
I velocity u and the second with 
^11110 that elapses before the second 

est distance between the particles 
•the start, 

I 


same straight line starting at the 
in it : the first moves with constant 
constant acceleration / ; during the 
catches the first show that the great- 
's TJ end of time from 


ACCELERATION 


31 


JO. A car going along a straight road and moving with uniform 
®c«leration traverses three successive stretches A, B and C each of 
®Dgth 210 feet. Three seconds are taken over the stretch B and fonr 
seconds over C. Find the time taken over the stretch A. 

11. For — of the distance between two stations, a train is 


nniformly accellerated, and for of the distance it is uniformly dece- 
lerated ; it starts from rest at one station and comes to rest at the other 
Prove that the ratio of the greatest velocity to its average velocity is 

.+ 

m * ^ 

12. If the distances gone over by a point moving with uniform 
acceleration in the pih, ^ih, rib seconds of its motion are resoectivplv 
X, y, and z, show that ^ ’’ 

13* The speed of a train increases at a constant rate a from 0 to v 
then remains constant for an interval, and finally decreases to 0 at a 
constant rate If / be the total distance described, prove that th- 
total time occupied is 


i; 


35. Relative Velocity. We have already introduced the 
concept of relative velocity (Art. 19), by considering the 
example of two trains moving with different velocities "along 
parallel tracks. Here, we present the same concept in a slightly 
generalized form. ^ 

Suppose, a body A is moving along OC with a velocity u 
whilst another body B js moving along 0|D inclined at an 
angle 6 to OC, 

Then, v cos Q and v sin Q are the 
resolved parts of the velocity of B along OC 
and perpendicular to OC. 

The velocity of B relative to A along 
OC is vcos •, and since A has no velo- 
city perpendicular to OC, the velocity of B 
relative to A in that direction is v sin Q. ^ 

Hence the velocity of B relative to A Fig. 22 

consists of two components ; v cos Q—u along OC and vs in G 
in the direction perpendicular to OC. ’ 



32 


DYNAMICS 


Relative velocity of B=/(.t)COS© «) +v ain 0 

_ cos 0 

Working Rule. In or<kr 

(Ae required relative velocity of B. 

36. Geometrical approach. 

the actual velocities of 
A and B. Complete the 
parallelogram A B R P. 

Join KQ. By the 
theorem of the triangle 
of velocities, the velo- 
city BQ is equivalent 
to two velocities re- 
presented by BR and 

RQ. t.e., 


Let AP and BQ repreient 




Fig. 23 


bq=br+rq 


Relative velocity of B — BQ A1 


=BR+RQ~AP 


=RQ ; Since BR—AP = 0 


1. A steamer is going due west at 14 miles per hour, 
and the wind oppears from the drift of the clouds to be blowing 
at 7 miles per hour from the north-west. Kind the actual 
velocity of the wind and make a geometrical construction for 

its direction. 


acceleration 
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The relative velocity oi 
the wind is tlie resultant of the 
actual velocity of the wind and 
a velocity equal and opposite to 
that of the steamer. 

Take 14 ni. p. h. along OX. 
Produce CO to D. making OD 
equal to 7 m. p- h. Complete 
the parallelogram OADE. Then 
O E gives the actual velocity «•! 
the wind. 

In the j^OAD 

AD = y W+OD^-^<h' 

A< tual velocity ot *he wiiul 



01) <os DOA 

r 

• 

= 7y r>-2\/2. 


Ex. 2. An aeroplane . rpejnl ^ 


wv Z. nil ! — * -1 4i> 

is rcwcsenUHl in tie figure by the AB, 

The pilot liiids that when the plane is i>oinling 
n rtl words, he is actually travelling m the 
direolh).. AC, an<l that when .t is pointing 
southwards, he is Iravlling m the dii.-.-tum 1. .. 
Show that ihe velocity of the wmd rep e- 
sented in magnitude and directum by *.M< , 
where M is the middl«M'«“'^ . , . , 

I.et BK be the actual velocity n) the wind. 

Then ^ 

where AK is ohtaine.l hv pro.luc np A( 10 K. 
Again 


h' 


\ 



Pig. 25 
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BA + BK=:BE, 
where BE is the diagonal of 
the parallelgram A B K E. 
Hence BC must coincide with 
the line BE, or C is the mid. 
die point of AK. 

In the ^ABK, join C to 
M, the middle point of AB ; 
Then MO is parallel and half 
of BK. 

Therefore BK=2MC. 



Ex. 3. A boat takes 10 minutes to cross a straight river 
in a straight line from a point A on one bank to a point B 
on the other bank, and 20 minutes to do the return journey. 
The onrrent flows at 3 miles per liour and the speed of boat 
relative to water is 6 miles per hour. 

Find the w'idth of the river and the downstream distance 
from A to B. 


Let AC=a bo the width of the river and AB — 6, the dis- 


tance downstream from A to B. 

Let 0 and ^ be the angles which 
the le.sultant direction nmkes witli the 
stream in the first ease and the second 
case. 

The comi>onents of the veloc ity 
of the boat along and perpendicular 
to the stream are 


C 


y 


Fig. 27 


r)cos0+3 and fl sin 0 m.p.h. 

while, the components of velocity in the second case, when the 
boat is making its return journey, up the stream and perpendi 
culur to it, are 


6 cos 3 and 6 sin m.p.h. 

In the first ca.se the bout takes A hours and in the scoond 
case it takes ’ hours to complete its journey. Hence 

« = : X 6 sin XO sin ^ ...(I) 
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or 

a=sin 0^2 sin ^ 

...(2) 

Also 

COB 0-l-3) = i(6 oos ^—3) 


or 

6 — ^ = cos 6 
k+l=2 COB 

...(3) 

...(4) 


'I'o tlio square of (2) adding the square of (3) 

cos* 1 

...(o) 


Again from (2) and (4) 

o’* + (6-|-l)*i=4(6in- ^)-|-oos^ ^) = 4 

...(6) 


Subtracting (5) from (6) 

36 =3 or 6 = -J miles. 


• 

• « 

1 n 

a = — A= 4 miles. 
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1 . Suppose a flying machine travels in still air at 100 miles an hour 
Wow long will it take the aviator to fly round a square course whose sida 
s o miles long if there is a wind blowing parallel to a pair of sides at the 
rate of 28 miles an hour. 

2. Mow long would the aviator mentioned in the above question 
take to fl round the same square course if the wind were blowing paral- 
lel to a diagonal of the square ? 

3. A man tricycling at the rate of 8 miles an hour due west, feels 
the wind to be blowing from the south ; on increasing his speed to 16 
miles an hour the wind appears to be blowing from the south-west ; find 
tlic velocity of the wind. 

4. Two trains, each 200 feet long, arc moving towards each other 
OA parallel lines with velocities of 20 and 30 miles per hour respectively. 
Find the time that elapses from the instant when they first meet until 
tlioy have cleared each other. 

5. Two trains, start at the same instant from a station and run 
along straight linen which make>an angle of 6i)^ with each other, at the 
rate of 30 and 40 miles an hour respectively. Find the relative velocity 
in direction and magnitude. 

6. Two persons are walking along two straight roads perpendicular 
to each other, with velocities 8 and 6 miles an hour respectively. If at a 
given instant, both of them be at a distance of 2 miles from the crossing 

the roads and walk towards it, bow long after this will the distance 
between them be least and what ia the least distance ? 

7. A railway train is moving at the rate of 28 miles per hour, when 
a pistol shot strikes it in a direotion making an aoglo sin } with tbo 
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The shot enters one compartment at the corner furthest irom 

br Xwih “r snoiVs 

8. milk"® an hour, and traverses the tartrate m ^'.ths a. a 

veconcl. 

8 If an aviator flies round a triangular course, each side ol which 
is c miies long, while the wind blows parallel to one =ide at u miles per 
hour, show that he takes 


1 


t>+ ^ 4r^ — 3it- 
vi—u^ 


I hours to complete the circuit 




in litluT direction, c being his velocity relative to the air. . , 

9 Two particles start from rest and move along two lines iiKijneU 
at an anele a One moves with a uniform v.docity v and the other with 
a uniform acceleration /. Show that their relative velo- ity is least aft- r 

.• cos a 

a tjniL* 


and liod its vahie. 


CHAPTER IV 


VERTICAL MOTION UNDER GRAVITY 


37. Histojicai. Classification of knowleage is one of tlie 
Kieatest achievement.-^ of human mind. The followers ot 
Aristotle (400-370 B.C.). a Greek philosopher and experi- 

menter, explained the descent of heavy bodies and the risnvi 
of li'iht bodies by assuming that every thins -soui*ht its place : 
the place of heavy bodies was below, the place of light bodies 
was above. Motions were divided into natural motions, as 
that of descent, and violent motions, as, for example that ot 
a projectile. From some experiments and observations. 
nhiloso()hcr.s had concluded that heavy bodies fall more 
tiuiekh and lighter bodies more slowly. Such ideas pre\ ailed 
at the time when (hUilco took up tlie study of the fa mg 
bodies He asked the question. ' Hoiv do heavy bodies fall ' 
Asa trial hypothesis he assumed that the velocities acquired 
in the descent increase proportionally to the distance descended 
through. He argued, that if a body had acquired a certain 
velocity in the first distance descended througli. .louble the 
velocity in double such distance descended through, and so 
on • that is to say. if the velocity in the second mstam e is 
double that in the lirst, then the double distance will be 
travellcd in the same time as the original simple distance. 
If accordingly, in the case of the double distance we conceive 
. the first half traversed, no time will, it would seem, fall to 
the account of the second lialf. Tlie motion of a falling body 
appears, therefore, to take place instantaneously, winch 

contradicts the hypothesis proposed. 


As a second trial hyiiothesis Galileo a^ssumed that the 
velocity acquired is proportional to the time of descent. 
Ifabo*dyfall once, and then fall again during twice as long 
an interval of time as it fell in the first instance, it will attain 
in the sedond instance double the velocity it acquired m the 
first. This hypothesis also could not stand the tost ot 

experiment. 
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Galileo as a result of his experiments on the moving 
bodies found, that the time of descent, the final velocity and 
the distance traversed are related m a definite manner. 
If '<?’ denotes the acceleration due to gravity, the following 
table servos to bring out the relationship. If the particle 
start from rest and fall freely under gravity, we have 

t=time of descent: r=velocity acquired; a = distance 
traversed. 


t. 

r. 

a* 

1 

1-1/ 

1 x 1.4 

2 


0 V *> — 

3 


3x3.-|^ 

4 


4x4.4 

• • • 

» ♦ ^ 

• •• 

e • • 

« 4 • 

• • • 

/ 


ix<.4 


From this table it is obvious, that, 

rzzgi, 

>■■ = -5 

These results have already been arrived at in the previous 
I huptor. They are particular coses of equations (1), (2) an<l 
(:n. Art. 33. 

38. Experimental evidence. At the time of Galileo there 
•lid not **.\ist any suitable instrument for measuring time. 
Feoplc usually measured time with the help of sun dials. 
< Julilco used a water clock. It consisted of a vessel of water 
I'f very large transverse dimensions, having in the bottom a 
minute orifice which was eJosed with the finger. At the 
beginning of an interval, the orifice was opened and the water 
allowed to run in a vessel. At the end of the interval, the 
orifice of the clock was closed and the water which bad 
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collected during that interval of time was weighed on a 
balance. Since the height of the liquid in the vessel did not 
ch&Qgc appreciably, the TveightB of the water discharged froni 
the orifice were proportional to times. Galileo is also said 
to have employed the beat of the pulse for comparing inter- 
vals of time. 


About the year 1590, Galileo showed that the accelera- 
tion of a falling body is constant. 

Eiperiment. Take a big jar and remove all air from 
its interior by means of an exhaust pump. Then release a 
heavy piece of metal and a light cork simultaneously from 
the top of the jar. It is found that both of them strike the 
floor at the same time. This can only heppen if the accealcra- 
tioD acting on the falling bodies is constant. 

Morin’s Experiment. A cylinder is covered with paper 
and made to rotate \miformIy about its axis which is vertical. 
In front of the cylinder is an iron weight, carrying a jicncial 
P which is compelled to fall freely in a vertical line, fbe 
falling pencil leaves a mark on the revolving cylinder. When 
the pencil has descended through a certain distance the 
paper is taken out of the cylindcrica roller, and stretched 
out on a flat surface. The curve marked out by the penci 
is such that the vertical distances described by the pencil 
from the beginning of the motion arc always proportional to the 
squares of the horizontal distances described by it, so that, 
if Q R be any two points on the curve, then A 

^1 QM* 

AN” RN^' 

Now since the cylinder revolved with 
a uniform velocity, these horizontal dis- 
tances arc proportional to the times that 
have elapsed from the corainenceraent of 
the motion. Hence the vertical distance 
described is jiroportional to the square of 
the time from the commencement of the 

motion. 

39. The acceleration due to giavity ‘(f is iliflcrent at 
different places on the surface of the earth. H depends on 



Fig. 28 
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the distaace of the place from the centre of the earth. When 
foot-second units are employed, the value of g varies from 
about 32’Ohl at the equator to about 32-252 at tlie poles. 
In the C.G.S, units the extreme limits are about f»78 and *983 
respectively. 

40. Vertical Motion under Gravity. A body is projected 
upwards from the surface of the earth along a vortical line with 
a velocity w. In its motion of ascent the acceleration due to 
gravity 'o', is aeting dow-nwards, opposite to the direction of 
its motion. Hence the acceleration in the direction of motion 
is '—o'. This negative acceleration or retardation diminishes 
the upward velocity of the particle, so that after some time, 
the particle enmes to re.=;t for an instant and theji immediately 
begins falling downwards, and retraces its path to the point 
projeclioii, 

(i) Time to nlitiin o givpv height. A particle is [)rojectt‘d 
upwards along a vertical direction with the velocity ?/. An 
acceleration —g is ooti^ta^tlv acting on it. Fhe time for 
attairung a heigdU h is 

i 0 1 -. 

Tliia i.r a tjuadratic e(iuatiou la 'I' witli both roots positive; 
tile le.sser root gives the time at which tl’.e particle is at the 
given height on its way up and the greater root gives the time 
at which it at the .same height on its way down. 

(tt) Grcnfi -t height ntlained. d’la velocity at a given 
lieiglit h is 

g h. 

Tins veluc ity is iiule[»cmient of Un time from start, aiid 
is therefore tlie same at the s.\nie [)oi.it whether (he hody i.s 
sroing upwards or downwards. 

At the highest iKiinl the velocity < i?- iu:>t zero. Therefore 

0 = n^-‘2o>x. 

Hence the greatest height = - . 

Also the time for the greatest height. T. is given b\ 

0 = u-gT. 
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or T= — 

0 * 

(iii) Velocity flue, to a free fall . Whci. a particU* falls frtn-ly 
from rest under cravitv, its initial velocity is zero aful a c(>nH- 
tant acceleration q acts on it in its directiort f)f Tnotion. The 
velocity after fallina thronjrh a distance, h. is 

7'’ = 2 q h, 

or r= \ y //. 

40. (o) Relative Motion of two falling bodies- SihCc the 
acceleration of "ravitv is the same for .all l)odies. thf relatin' 
ncceleration of tu'o hodie-'^ under yruvilu {hcinq (})'• diff'-rmr. oj 
their actual accelerations) is ‘tern. 


Hence their relilt ice vchx ity i- « d'hi-. jirirK iph- 

is of great importance in tindinji when and v here two bt die.s 
projected in the sam(‘ vert ical line would rneet, t>i in fitidifig 
tlieir distances apart at nn\- given instant of lime. 

Ex. If a stone is dropped frcnn a t«.wer 10(,* ft. high, 
and another projected at the .«ame itnslant from ociow with 
initial velocitv a = SO ft, /sec., find when and when- they 
meet ? 

J nitiall^- t lie ^•elocities are t> and Kdft./scc.. Ik-ikc the 
lower one approaclies tlic upper with a relative velocitj’ 
=tSO ft. /see., and since both have tlie satne acceleration — that 
due to gravity, — their relative velocities remain coii'^tant. But 
their original distance is 100 ft., 


Time taken to meet 


lOtJ 

8C» 


= I f see. 


In this time upper stone would have fallen : — 



Examples 

Ex. 1. A stone is thrown vertically int<< a miue-sliaft 
with a velocity of 90 feet per second, and Vcaehe.s the liottom 
in 3 seconds ; find the depth of the shaft. 



42 


DYNAMICS 


Since the particle is moving towards the earth, the accele- 
latjon IB ‘o' in the direction of motion. 

f = ‘u 5 g 
=96x3-i-Jx32x9 
= 432 feet. 

Ex 2 A body falls frcelv from the lop of a tower, and 
during tbc hvst second of its motion faUs ths of the Vfhole 
distance. Find the height of the tower. 

Let be the height of the tower, and t be the time taken 
to fall through a distance «. The distance moved m 

HeconclB is 




• i ft ^ 

O K o * 


11 

a 6 


(!) 

Also the distance moved in / seconds is s 

= 5 9 

Therefore dividing (1) by (2), we get 

‘I (/-I)" 


25" t- 


t-r 


‘d» = 25(/- l)= 

:p = 5((- 1) 

t = ;; seconds. 

#» 

Substitutini: in (2) we get, 

.s = I X 32 X V- = 1 90 feet . 

Particles dropped from a b^y in motion- 
iiarticle is flropped from a body which is m motion, 
tial velocity of the ]iarlicle is that of the moving Ait«r 

this instant the parti, le falls under a constant acceleration clue 

to L^ravity. 

Ex. 3- rroin .1 hallonn. ascending Mitb a veloeity of 32 
fi. sec. a stone is dropped aiul nrachoB the ground in 17 seconds; 
how high was the lialloon when th(' stone was dropped . 

If the distance is measured ]>osiMvely in the downward 
direction the initial velocity in the direction, 

of the distance increasin'^, is —^'2'lsec. B. \0'2Stlsec. 

If A be the height of the balloon at the 

lime when the ctnne was «lroppe»l. Earth 
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h=ut+lgt* 

= (-32)x 17 + ix32x 17^ 

^4080 feet. 

£s. 4. A stone is dropped from a balloon ■a/hicli is risinji 
with acceleration a, and seconds after this a second stone in 
<iJOpped. Prove that the distance between the atones at a 
time t after the second is dropped + 

Impose upon the whole sS^em (balloon, stone etc.) an 
acceleration a in the downward direction. The stone will then 
have an acceleration (c + < 7 ) in the downward direction and the 
beiiloon will be at rest. -- J'* 

rhstance for the first stone from the balloon is ^ 

and distance for the second stone is 

= ... 

/. the dhriance between them 

- 5 , 20 . 


Examples IV 

1 . A body is thrown vertically upwards with a velocity ot 160 f<*:t 
por ftccond. How high will it rise ? How long will it be before it 
returns to point of projection ? 

A stone thrown vertically upwards is observed to pass upwuids 
Uirough a point P, and after an interval of 2 seconds, to pass downwards 
tbroogh the same point. Find the velocity of the stone at P. 

rufst. I marine the stone to be thrown up from P with a velocity 
«. Sinco it comes back to the same point after two seconds, the tim«- to 
reach th<yljigb< st point is one second.] 

A particle falls from rest and in the last second of its motion 
passca throQgh 224 feet. Find the height from which it fell, and the time 
^ its fskQ. 

4. A body falls freely from the top of a tower, and during the last 
second it falls through of the whole distance. Find the height of tl>c 
tower. 
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5. A stone is throwa vertically upwards with a velocity of 96 feet 

per second : find how hi^h it will rise I After 4 seconds from the projec- 
tion of A, another stone B is let fall from the same point. Show that A 
will overtake B after 4 seconds more. ) 

6> A tower is 64 feet high. From its foot a particle is thrown 
vertically up with a velocity of 64 ft /sec and at the same instant another 
particle is dropped from the top of the tower. What time after will 
they meet ? 

- 1 If the second particle be dropped one second later, what time will 
elapse before they meet ? 

7. A balloon ascends with a uniform acceleration of 4 feet per s^. 
per sec. ; at the end of half a minute a body is released from it ; find the 
time that elapses before the body reaches the ground. 

• 

8. After a ball has been fallin-' under gravity for seconds, it 
pas.scs through a pane of glass and loses half its velocity ; if it now 
n.'aches the ground in one second, rind the height of the glass above the 
ground. 

0, ball is thrown vertically upwards with velocity j/. and one 
Sh‘.otid later another ball is thrown up from the same point with velocity 
2 / . When and where will it strike the first bail ? 

to, A lift ascending from a point 600 deep rises during the 

part ol its ascent with uniform acceleration. On nearing the top 
the upward forc i is cut off, and the velocity of the lift is just sufficient 
to carry it to tliu top. U the whole process occupies iO seconds, find 
tlu! acceh^ration during t!ie first part of its ascent and the maximum 
velocity attained- 

11. A b.illoon is risins with a uniform velocity of SO ft. /sec and a 
stone projectc 1 vertlcdlly upwards from it reaches the ground in tO 
seconds ; find the height of the balloon (1) when the stone was projected : 
(2) when the stone reached the ground ; find abo the greatest height 
attained by the stone. 

12. Three f articles are thrown vertically downwards with initial 

velocities 'fj, heights vj, *3 respectively, and they reach 

the ground sin t: »ncoubly ; prove that 



?/j — — 1^3 Wj — t/j 


13. A parti... (alls through .r feet at two difloreat places on the 
earth's surface an 1 it is observed that at one place the time of falling is 
seconds less, and the velocity acquired is m ft.|sec. greater than at the 
other ; show tnac if the acceleration due to gravit>* at two places be gi 

and respcctU-ly, then — 
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41. Motion down a smooth inclined plane. Let AB be 

the vertical section of a smooth inclined plane inclined at an 
angle a to the horizon, and let P be a body on the plane. 


The vertical acceleration g may be 
resolved along and perpendicular to the 
inclined plane. 

The resolved part along the plane 
in the downward direction is g sin a. 
The resolved part perpendicular to the 
plane is g cos a. 

The plane prevents any motion 
perpendicular to itself and therefore 
the body slides down the plane with an 
acceleration^ sin a. 



If the particle P started from rest from A, the velocil y 
acquired after sliding down a length i ol the piano is 

i;2=.2.j/ sin a. i = sin a. 


or 


v = y ’Jg. I sin ® 
= v/ 2g. AC. 


The celocity acquired is independent of the angle which the 
lane makes with the horizon, and depends only on the vcritrul 
ight through which the particle has fallen. 

42. If the body be projected up the plane with a velocity 
its motion will be retarded. The aeceJeralioii in tlic direction 
of motion is -ysina. The distance travelled up the plane m 

given by 

y2_^2_2. g sin a. x 
At the highest jioinl v = 0 


u 


X = 


« • 


'Ig sin o- 

The time taken to traverse this distance ib 0 = u— (/ sin a. t 

u 

t ^ . * • 

(J HUi 0 . 
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43. Theorem- The time that a body takes to elide dovm 
any amooth chord of a vertical circle, tchich ia drawn from the high- 
est point of the circle ia constant. 


Let AB be the diameter of a verti- 
cal circle with A as the highest point 
and AD any chord. 

Let /_DAB — © ; AD = u:, AB = a 
so that, x — a cos 6*. 

The component of acceleration down 
the chord AD is g cos 0- Let T be the 
time from A to D. Then AD is the dis- 
tance described in time T by a particle 
starting from rest from A and moving 
with an acceleration g cos 0. 

a. = 4 g cos Q. 


A 






2x 

008 #5 



2 a cos 
g cos 


e 

e 



The value of T is independent of 0 and is the same as tli'* 
time of falling vertically through the distance AB. 


Hence the time of falling down all chords of the cirol 
beginning at A is the sainc. 


44. Theorem. The time that a body takes to slide dou 
any smooth chord of a vertical circle, which is drawn from any 
point of the circle ending in itt lo^r^ ^<t point, is constant. 


Let B be the lowest point of n 
vertiolc circle, with AB as its vertical 
dianioter. BD is any chord alwavs pass- 
ing through B. 

Let £DBA = 0. BD = .r. \B-u 
BD=x=a COR f). 

The component of acceleration along 
DB is g cos 0. The particle starts from 
rest from B and moves with acceleration 
y cos Q. IfTis the time taken to des- 
cribe the distance DB 

ar = 4 ? C 08 B. T* 


•1 
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T = 4 = -/Z^ec 

V geos e V g coj 


<*03 d _ j 'Za 
g cos e fsj g 

45- To find the line of quickest descent from a given point 
to a given straight line. \ ^ 

cular to BC, and AE vertically 
down. BiBcct /_DAE by AF, 
cutting BC in F. Then AF 
shall be the line of quickest 
descent ; that is, a particle 
would slide more quickly down 
AF than down any other line 
joining A to BC. 

Draw FG perpendicular to 
BC, cutting AE in G. Then, 
since FG and AD are parallel. 

z:.afg = /ldaf. 

But /„DAr = ^GAF, (construction) 

/_GFA = ^GAF 

GA = GF. 



• ‘■»diu8. we describe 

a circle, it w ill touch BC at F and A will be its hiirhest point. 


A t JiT. AK cutting -treTircre'-M'^B;; 

Art. 41, the particle starting from rest from A would take 
the same time in sliding down AF as it would take for 

sliding down the chord AM. and hence this time is less than 
viie time to slide down AK* 


46. To find the line, of quickest descent from a point to a 
circle. Let A be the given point, BCF tlie given circle and O 
ite centre. Draw a radius OC, vertically down Join \C 
cutting the circumference in F; then AF shall be the lino 
ot quickest descent from A to the given circle. 

Join OF, and produce it to meet the vertical throui;h A 
m E. 

Then /_AFE=/_OFC 

^d /^OCF=/,EAF (alternate angles, AB f| OC) 
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Hence AE=EF. Therefore, 
if with c^mtre E and radius EA, 
we describe a circle, it will touch 
the circle BCF at F, and A will 
be its highest point. Again, by 
Art. 41, AF is the line of «iiiuk- 
est descent. 


47. l■h^)ld of tiuirkest descent from a given point 

P to a c'H Vc in the •‘<mie vertical jjlane is PQ, where Q is a 
point on the < m ve such iliat a cirrle, having P at its highest 
point touches the curve at 

For let a circle he drawn, having its highe.st point at 
p, to touch the given ‘-urve externally 
in Q. Take any other iu»int Qj, on the 
rurve. aiul let PQi meet the circle again 
i!\ H . 

Then. >in< e PQ, is >PK. 
thetiun- down Pt}, is > lime down PR. 

Ihit time flown PR = Time down P(^ 

(Art. 4:i) s<i that the tinu- df)\vn Pt^tj is 
>time down Pt>. 

.md is anc point on the given 

<‘urvc. 

Hen* *• the tim<‘ <lowii I’Q is less thati Fig. 34 

that rlown au\ollii r struigiil line from P lo the given curve. 

Similarly, it may I <h<iwn that, if we wont the chord 
cf ,phclvest ilcM cni tVv^un a given < nrYo to a given point P, 
wo mU't .1 • ii.-h* liaving the given ]>oint P as its 

lowest p*iint t > tom h the •-mve in ; then QP is the required 
straight lin* . 

Ex. l iu'l ih«- line of -.piickcst *lescent — 

(n) from a given junnt to a given straight line. 

•b) From a given straigdit line to a given jioint. 

(ry Vroin a giv* n '•ii.oght line without a given circle to 
the circh*. 
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{d) From a given circle to a given point without it. 

(e) From a given circle to a straight line without it. 

(/) From a given point within a circle to the circle. 

( 9 ) From a given circle to a given point within it. 

(A) From a given circle to another circle within' it. 

(i) From a given circle within the circle to the circle. 

(j) From a given circle to another circle without it. 

Ex- 1. A heavy particle slides from rest down a smooth 
inclined plane, 15 ft. long and 12 ft. high. What velocity will 
it possess, when it reaches the bottom, and how many seconds 
will be occupied in the descent ? How long would it take 
to fall vertically through a height of 12 ft. ? 


Let AB be a smooth inclined nlane. 

AB=15ft; AC=12ft. 

The acceleration of the ])art'clc 
down the p'ane=<ir sin a 

= — -- — ft. /sec*. 

In 

The velocity at B is given by 
t- = 2/. -s 

2x32x11 

= 15--XI0 

vss 16^/3 ft. /sec. 

Time of descent 

a = -i ft®. 


, 32 X 12 , 

' -15- ‘ 


or 


15 

' = 8V3'’“- 


r 

/ 


y 


\ 


y 



Fig. 35 


If it were to fall vertically, its acceleration would be 
32 ft. /sec®. Hence the time taken to fall vertically a distance 
of 12 ft. is given by 

12 = lix32(® 
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. <= sees. 

• • 2 

F« 2. A particle starting from an extremity 
horizontal diameter of a vertical circle of radius a 
a smooth chord of the circle in t sec. Show 
ation of the chord to the vertical is given by 4a tan 6-9^ ■ 

Let BOB' be the vertical diameter of the circle, and A 

the extremity of the horizontal dia- 
meter. Let AC be a chord through A 

making an angle B with the vertical. X \ 

Now AC, calculated from the / \ 

AOAC is / ( J h 4 J 

^ AC = 2acosOAC 

= 2 a cos^^" ^] = 2a sin f9. \ // 

The acceleration of P down the \ 

chord is g cos 9- 

. 5 = iftL Fig. 36 

• • * 

2n sin 0 = i 9 cos (9 t* 
or 4a tan 

Ejcamples V 


I A particle projected from the bottom up a smooth inclined 
plane. %nlh a velocity of 24 ft. per sec. is just carried to the top, m l sec : 
find the inclination of the plane to the horizon, and also the height of the 


plane. 

2. The height of an incMncd olane is J of its length. A body is 
projected un the plane from the bottom with a velocity of 50 ft. per 
second and slides down asain : find the distance travelled up the plane, 
and the time before the body arrives at the starting pomt, 

3 A particle starts from rest at tlie top of a smooth inclined plane 
of height h and inclination a to the horizon, and is constrained to slide 
down the plane along a straight line making an angle with the line 
of the greatest slope. Show that the velocity of the particle on reaching 
the gTo'und is the same in magnitude as if it had fallen vertically under 
gravity. Find also the time of descent to the horizontal plane. 

4. Two heavy bodies descen. I tiic height and length respectively 
of a smooth inclined plane : show that the ratio of the times equals the 
ratio of spaces described and the velocities acquired are equal. 

3. A plane is of length 288 feet and of height 64 feet ; show bow to 
divide it iuto three parts so that a particle at the top of the plane 
m av dc.scribe the portions in equal times and find these times. 
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... A number of rods meet in a point A and rings placed on them 
slide down the rods, starting simultaneously from A. Show that after 

a time / the rings are all on a sphere of radius — . 

4 

7. If two vertical circles touch at their highest points, and a straight 

line be drawn through this point cutting the circles, show that the time 

down the part between the circumferences is constant. 

8. If a c^cle be placed in a vertical plane, determine that chord 

passing through its lowest point down which a body must fall so that it 
may acquire the greatest horizontal velocity. 

9. AB is the horizontal diameter of a vertical circle. C the lowest 

point of the circle. P a point on the circumference. Ift,./, i. the timec. 
of falling from rest down PA. PB, PC be such that find the 

10. Determine a point in the hypotenu-e of a right-angled triarMe 
• having Its base horizontal from which the time of a particle s descent 

down an inclined plane to the right angle is least. 

11. In a vertical circle two chords are drawn from the extremitv 

of a horizontal radius subtending arcs © and 2 (9 ; if the time down the 
chord of 2Q is n times that down the chord of A, show that 
sec<9 = n*— 1. ^ 


12. Find the line of quickest descent of a particle from a given 

vertical circle to a point within it. ** 

13. Two circles Iving in the same plane touch each other extcrnallv 

and have their line of centres vertical ; show that the time of descent of 
a particle, from the upper circle to the lower, along any smooth straight 
line passing thr^gh yje point of contact is the same. ** 

Miscellaneous Examples 

point at a certain instant has velocity 20 ft. /sec. and it goes 
twice as far in the third and fourth seconds together as it does in the lirst 
two seconds of its motion ; find the acceleration. 



2. A point has —m ft. /sec*, acceleration, and initially it has mti 
ft /sec2. : show that after (ri+A:) seconds it returns to the same point 
which it was passing at the end of the first (n—t) seconds of its motion 
with the same velocity. 

3. A point having an acceleration a. passes over h feet in a certain 

interval, with an average velocity «, and its velocity is increased during 
the interval by v : prove that uv = afi. ^ 

A point moving with a constant acceleration a ft. /sec?, passed 
over as many feet in a certain intervaU seconds as it did in the 

imn^iately preceeding interval of 1 seconds, show that its velocity at 
the Ycginning of the first interval was ft-/sec. 
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5 A and B arc two points in the same vertical line. From B. the 
lower of the two points, a heavy particle is projected vertically upwards 
with a velocity which will just canv' it to A. and at the same time a heavy 
particle is just dropped from A. Show that when the particles meet 
their velocities will be equal and opposite, and the spaces passed over by 
the particles will be as 3 : 1 . 

Til A heavy body was observed to fall through 500 feet in 5 seconds; 
how far and for bow long had it fallen before it was obser\'ed ? (Assume 
that it started from rest,) 

7, A stone dropped into a well reaches the water with a velocity 
of 80 ft /sec. and the sound of its striking the water is heard 27/12 
seconds after it is let fall. Find from these data the velocity of sound 
in air. 

8. Prove that the line of quickest descent from a given point to a 
given curve bisects the angle between the vertical and the normal to the 
curve at the point where it meets the curve. 

9 A particle is projected upwards from the ground with a certain 

velocity, and after reaching a height 576 ft., it takes 5 seconds to return 
to this height : find the velocity of projection. 

10. If the distance between O and tli*’ eilge of the table is h feet, 
and a particle is projected from O with a w locity « ft. /sec. while it is 
accelerated towards the edge with n ft./sec^. and when it strikes the 
edge it is reflected with a velocity which is « times the velocity of impact, 
find how far it will move from the edge before losing its velocity, the 
acceleration towards the edge always continuing. 

11. A tram-car starts from rest and accelerates uniformly for 3 
seconds to a spe«‘d of 10 miles per hour. It then runs at a constant 
speed, and finally is brought to rest in 40 feet with a constant retarda- 
tion. The total distance passed o\-er is 250 yds Find the value of 
acceleration, the retardation, and the total time taken. 

12. A ball hits a wall with a velocity 30 It ,sec., and after being in 
contact with the wallfor 0-2 seconds it rebounds with a velocity of 10 
It. /sec. At wliat rate has its velocity changed while in contact with 
the wall. 

13. A bodv starting with initial velocity and moving with uniform 
acceleration ac.iuires a velocity of 20 ft. sec. after moving through 10 ft. 
and a velocitc <jf -0 ft /sec. after moving through a further 15 ft. \Vhen 
and wh'Tc will its velocity be 40 ft. /sec. 'f 

14 .A particle starts from U along a straight line with a uniform 
velocitv of 4 ft /sec. .After 3 seconds another particle starts from a point 
8 feet from O in the same- direction with a velocity of 8 ft. /sec . and with 
an acceleration equal to 6 ft /sec2. Find when and where will it overtake 
the first. 

15. A pciint moves with uniform acceleration. If tt, rj, and 1-3 be 
the average velocities in three successive intervals of time t,, and I3, 
show that 
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t6. Ad eugiae driver puts on his brakes and shuts off steam when 
he is running at lull speed ; in the first second afterwards the train 
travels 87 feet and in the next 85 feet, hind the original speed of the 
train, the time that elapses before it comes to rest and the distance 
it travels in this interval, assuming the brake to cause a constant retar- 
dation. 

Find also the time the train will take, if it be 96 yards long, to pass 
a spectator standing at a point 484 yards ahead of train at the instant 
when the brake was applied. 

t7. A stone is let fall from a height of 240 ft., and at the same 
time another stone is thrown upwards to meet it. With what velocity 
must the second stone be projected in order that the stones may meet at 
a height of 96 feet ? 

18. A stone is thrown vertically upwards with such a velocity as 
will just take it to the level of a tower lOO ft. high. Two seconds later 
another .stone is thrown up from the same place with the same velocity. 
Find when and where the two stones will meet 

19. A stone dropped into a mine is heard to strike the bottom in 

79/16 sec. Find the depth of the mine, the velocity of sound being 
1100 ft./sec. 

20. ^ juggler kesps three balls going with one hand, so that at any 
instancTwo arc in the an and one in his hand Find the time auring 
which a ball stays in bis hand ii each ball rises to a height (i) 16 
(ii) 8 ft. 

2lk^A^articli- projected vertically upwards takes t secs, to reach 
-a height^ feet. If secs, is the time from this point to^the groued 

again, prove that = and that the maximum height is g 

22. A, B C D are points in a vertical line the length AB=BC = 
CD. If a body’ falls from rest at A prove that the time of describing 
AB. BC, CD are 

1 : y/2 — 1 ■ v/2. 

25 Two stooping points of a tram-car are 440 yds. apart.the maximum 
en ( .-ar ^^2^1110 h and it covcrs the distance between the stops 
ir75 sec If bith ^ and retardation be uniform, and the 

latter twice as^eat a.s the former find the value of each of them and also 
how far the car runs at its maximum speed. 

24. A cruiser at A sights a friendly gunboat at B. S.-W. of it and 
15 sca-milesaway. If the gunboat is doing 18 knots due North and the 
cniUer can steam 22 knots find what course the cru.ser should UUe to 
meet the gu^oat as quickly as po-sible, and find the time taken. 

25. -.^(<body starts from rest and moves in a st. line with uniform 
accelefa^ontUl its velocity is 20 ft./sec. It then moves with thi. 
telocity for some time and is finally brought to rest 

dation The time taken during the accelerated mot4on is twice that 
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during the retArded motion. If the distance covered be 130 feet and 
time taken be 8 secs , find the value of the acceleration, the retardation 
and the three periods of motion. 

A' body travels a distance .« in t secs. It starts from rest and 
endsatr^st. In the first part of the journey it moves with a constant 
acceleration f and in the second part with constant retardation r. 
Show that 

27. It is observed tliat a ball strikes a block oi wood vvitb a velocity 
V and penetrates m feet ; prove that in passing through a board n feet 

thick resistance being uniform and same as before, it would Jose 

the velocity 



28. Prove that the distances travelled over in successive intervals 

by a point starting from rest and moving with a constant acceleration 
are proportional to the series 1 , 3, 5, 7 

29. A body begins to slide down a smooth inclined plane from rest 
at tho top, and at the same time another body is oiojected upwards from 
the loot of the plane with such a velocity that they meet half way up 
the plane. Find the velocity of projection and determine the velocity 
of each when they meet. 

30. The side BC of a ^ ABC is vertical ; show that if the times of 

falling down the two sides BA, AC be equal the triangle must be isosceles 
or right-angled. 

^ . A stone thrown vertically upwards passes a certain point li 
seconds after projection, after a further seconds strikes the groond 
again. Prove that the height of this point above the point of projection 
isJC'i'.-ft. Prove also that the stone passes a point midway between 
this point and the point of projection with velocity ft.;sec. 

32. Two men partine at a street corner walk ofi down different 
streets at steady speeds, Show that the line from one to other is always 
parallel to their resultant relative velocity. 

Show that if they interchange directions without altering their 
speeds, their relative velocity will be unchanged in magnitude, but chang- 
ed in direction, unless their speeds are equal* 

A stone is dropped from the top of a tower into a well at its 
foot, reaching the water with a velocity 128 ft /sec. The sound of splash 
]S heard 4^^^ seconds after the stone was dropped. Find the velocity 
of sound. 

31. A man stands on a platform which is ascending with a uniform 
acceleration of 6 ft. /sec* and at the end of 4 seconds drops a stone. Find 
the velocity of the stone after three more seconds. 
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55V A^one is thrown vertically upwards with a velocity ol 
160 it.l^ Another is dropped down a well at the instant the first is 
within 20 feet of your hand on its return journey. At what distance 
below your hand the two stones meet ? 

36. A stone is dropped from the top of a clifi. The ratio of its 
velocities at the foot of the clifi and 112 ft. above the foot is 4 ; o. i-md 

the height of the clifi. „ 

37. Three planes are inclined at angles of 30 , 45 , 60 respective- 
ly. Find the distance a body-H}ust I slide down each plane in order to 
acquire a velocity of 10 cms./sec, 

38. A man in a lift, which is rising with a uniform acceleration'/’, 
throws a ball vertically upwards with a velocity of v ft. /sec. relative to 
the lift, and after t secs, he overtakes it, 

2v 

Prove f+9— , • 


39. A ship is sailing due N. at knots and observes another ship 4 
sea-miles away at a bearing 55® W. of N. -T^wfe-Jatfer ship is sailing at 
14 kn its due east, h ind the time that elapses before the ships are near- 
est to one another and the disunce in sea-miles which separates them. 

(1 Knot=6080 ft. per hour.) ^ ^ 

40. Show that the time a particle takes to slide down a chord 
ot a vertical circle, starting from one end of a horizontal diaiueter, vanes 
as the square root of the tangent of the inclination of the chord to the 
vertical. 



CHAPTER V 

THE LAWS OF MOTION 

48. This chapter is devoted to the study of the Laws ^ of 
Motion enunciated by Newton in his Principia Malhematica, 
and therefore it is necessar}' to discuss certain fundamerital 
concepts introduced l>v him. Our aim is to give a critical 
ap]»reciation of the Laws, keeping in view the spirit of his 
age. Newt<»n was not the first Mathematician who was con- 
fronted with prc)bleins relating to moving bodie.s. He had 
Galileo (l.’MU— 1642). Christianus Hugenius (1620—1695). 
Kepler (1571 — 1630) as his able predecessors. Galileo is the 
father of Dynamics. He investigated the Laws of falling bodies, 
the IjUw f»f Inertia, and for the first time introduced the idea 
of acceleratioa and “efficacy” (force). Hugenius or (Huygens) 
made a number of important contributions to the subject : 
[The theory of the centre of oscillation ; invention of pendulum 
clock, determination of the acceleration of gravity g. by pendu- 
lum cibservations ; and certain theorems regarding centrifugal 
force, J 'fhi-n there was Kepler who had deduced from the 
oV)scrs*ations of Tycho Brahe (a Sw’cdi.sh a.stronomer) and his 
oum. three empiriciil laws of moti«*n of the planets about 
the sun. 

M’e now disc uss in some detail the achievements of Newton 
as they Ikmi* upon the Principles of Meehui\ies. Newton extet\d- 
ed the subject along the follow ing lines 

(1) The licneralisation of the idea of force. 

(2) The introduction of the concept of mass. 

(3) The distinct and general formulation of the principle of 
the parallelogram of foree.s. 

(4) The statement of the Law of action and reaction. 

Newton ha.s expressed emphatically that he was not concerned 
with hypothe.ses ns to the causes of phenomena, but has simply 
to do with the investigation and transformed statement of 
ac iual facts, a direction of thought that was- distinctly and 
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tersely uttered in his words ^'hypotheses wort jin^b", ‘ i do not 
frame hypotheses.” This sums up his attitude. 

49. De6mtions. The Mass is the quantity of matter in 
the body and is measured by the product of its volume and 
density. 

The Density of a uniform body is the mass of a unit 
volume of the body ; so that if m is the mass of volume y of a 
body whose density^ is p, then 

ms=vp. 

It is obvious from these definitions that mass has been defin- 
ed in terms of density and that density has again been defined in 
terms of mass. Moreover this definition does not take an\ 
cognizance of the inertia of matter. A new definition has been 
given by Ernst Mach. 

Force is that which changes or tends to change, the state 
of rest or uniform motion of a body. 

50. As a result of experimental investigation Ne'vton felt 

distinctly that in every body there was inherent a property 
whereby the amount of its motion was determined. He callea 
it, as we still do, mass ; but he did not succeed in correctly 
Stating this perception* Numerous examples can be given in 
support of this view. If we take two piece.s of different si/.c ot 
the same substance and place them on a smooth table, t un ic 
same effort on our part will be able to move the smaller boav 
with more ease than the bigger one. Again, if wc take two 
pieces of the same size and shape of two difTerent substance.^ and 
place them on a smooth table, the effect produced on the tuo 
by the same effort on our part will be different. 

There is a slight pitfall in the above definition of force 
and it is probable that the enthusiastic beginner may be rnislea 
by it. The force defined in this way. as Newton expressly 
states, has nothing to do with the “unknown caiise.s producing 
motion. That which in mechanics is called force is not a some- 
thing that lies latent in the natural processes, but a measurable 
actual circumstance of motion. It is more ot the nature oj an 
tzplaruUion than a cause. It is in terms of force that the motion 
becomes meaaurablc and intelligible. 
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51. The British unit of mass is called the Imperiad Pound, 
and consists of a lump of platinum kept in Westminster, of 
vrhich there are several accurate copies kept in other places. 

The French unit of mass is called a gramme, and is the 
one- thousandth part of a certain quantity of platinum kept in 
Paris. The gramme is defined as the mass of a cubic-centimetre 
of pure water at a temperature of 4® centigrade. 


One Pound^about 453 6 grammes. 

52. The Weight of a body is the force with which the 
earth attracts the body. 


It is an observed fact that every particle of matter in 
nature attracts every other particle with a force, which varies 
directly as the product of the masses of the quantities, and 
inversely as the square of the distance between them. 


-jr 


where G is a certain universal constant of gravita- 


tion. and its value is fi'60 x 10~® in C.O.S. system and I'Oo X 10— 
in F.P.S. system). Newton has shown that a sphere attracts 
a particle on, or outside, its surface w’lth a force which varies 
inversely as the square of the distance of the particle from the 
centre of the spliere. (He took twenty years to solve this 

Ihe earth is not a perfect sphere and different 
]ioint8 of its surface are at different distances from its centre ; 
lu'nce the attraction of earth for a given body is different at 
<litU'ron r points, anil therefore its weight varies at different 
places . n the earth's Rurfa>*e. 


53- Momentum. The momentum of a body is the pro- 
'luct of it.s mass and velocity, and it has the same direction 
anil .sense as the velocity of the boilv. It is therefore a vector 

% 4 

quantity. 


bully of unit ina.ss moving with a unit velocity is said to 
liossess unit momentum. In V.P.iS. .system thejunit of momentum 
is ft. Ib.'i. ])cr secoml. In C.G.S. system the unit is ems./gms. 
per second. 

The momentum of a body of inas.s m (lbs) and velocity 
t* (ft. sec.)=:»»i (ft. sec. units of momentum) in the direction of 
velocity. 
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54. We give below the three Laws of Motion, as enunciat- 
ed by Newton in his Principia published in the year 1686 : 


Law I. Every body preserves in its state of rest or of uniform 
motion in a straight line, except in so far as it is compelltd to 
change that state by impressed forces. 

Law II. The rate of change of momentum is proportioiial to 
the impressed force, and takes place in the direction of the straight 
line in which the force acts. 


Law 

reaction. 



To every action there is an equal and opposite 


55. Criticism of the Laws. These laws and the afore- 
said definitions form the very basis of Dynamics. Althovigh 
the laws cannot be f roved experimentally or otherwise, yet 
mathematicians for about three hundred years have not 
challenge their validity. There is surely something in the very 
statement of these laws which deludes human intelligence ; 
and, moreover, the results obtained and the predictions made, 
in the realm of Astronomy agree so well with the observed 

facts that no body ever dreamt of doubting the truth of these 

statements. There were, however, certain phenomena of a 
rather delicate nature which could not be explained on the 
hypothcBis of gravitation and on the basis of these laws. The 
shift of 43 sconds per century in the case of perihelion of the 
planet Mercury ; the deflection of a ray of light when it passes 
in the neighbourhood of Sun ; and the change in the period 
of vibrations of an atom when the latter is found in different 
places; and the change in mass that takes placi in the case 
of an eiectroii moving at a terrific speed, are some of the facts 
which baffled human understanding. Tt required the genius 
of Ernst Mach and Albert Einstein to point out that there was 
some fundamental error in our method of approach. The 
fundamental quantities of the classical Mechamcs, the mass, the 
length and the time as supposed by the classical thinkers and 
even Newton himself were not independent of each other. 
There was nothing universal and absolute about these concepts. 
They were conditioned by the physical state of the observer 
mefiuring them. The Newtonian ideas respecting space and 
time were erroneous and needed a thorough revision. Ihe 
Special and the Oencral theories of Relativity propounded by 
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Albert Einstein in the year 1905. nccoraphsh tluB in a 

wonderful wav. This, however, does not lessen the 

of these laws'so far as their utility is concerned ; it simplj roos 

them of their universality. 

56 Law I The first part of the I>aw enunciates the Principle 
of Inertia^ U fs also calleS the Law of Inertia ff, for the Ume we 
exclude the second part of the first law of motion. approach 
it with no notion offeree, then we might say tl^ : There is 
kind of motion which is to be distinguished for its ’ t 

implication being that this kind is a preferred one and wo^d be 
universal were it not for the inteni'entioii of some ^^taide m- 
fiuence which prevents it from always being attained. In other 

words, there is an innate tendency m every ’ 

when left to itself, to perpetually remain in its o^^^l state of res 

or fit uniform motion in a straight line. 

The state of rest of a body means that it 
same position relative to the surrounding objects. 
to tills law, the body never leaves that position 0 / oiin 

accord. 

The state of uniform motion in a straight line means that 
the hodv traverse.! equal distances of a homogeneous space m 
equal times, however small the interval of time may be, piovid- 

ed tlicre is no out-^ide injhtenrc. 

( ;rantingmir ignorance of f>rce. the law becomes a pious 
statcnu ntofapos-sible state of motion which may sometimes 
lie realized in nature and sometimes not. 

The second part of the law furnishes us with a definraon 
of force. It does not say what happens to a particle " 
force acts on it ; rather it purports to say that » ^ Jl 

thuv, which acts to change the state of the particle v^t 

or uniform motion in a straight line. This would ^hat 

wheuevor we note a particle which is not in t ^1 e ’ Ug 

are to sav that it is Acted upon by a force The J;*® 

looked upon as a kind of qualitative 

law of motion. One might reasonably expect that this, law 

gives us the meaning of force. No force acte in the ide^ 

Slate indicated. A little thinking shows that 

certain apparent perplexities, tor example, a book restmg on 
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a table might then be taken as an illustration of zero force. 
This contradicts the common sense feeling that the book actual- 
ly exerts a force on the table. The diflSculty can be cleared up 
at once by deciding that the state of rest or equilibrium in- 
volves the action of more than one force ; we meet here the 
notion of force pairs and resultants. A body at rest or in 
uniform motion is, therefore, acted upon by a number of forces 
which are in equilibrium. 

57. Experimental Evidence. It has already been said that 
the truth of this proposition cannot be deduced in a strict 
manner from observation and experiment. The Law being an 
ideal statement is never realized in the world of evervday 
experience. Still under certain conditions we come acro.ss 
cases which at least give some ground for believing in the 
law. 

{t) If a man be riding on a horse which is galloping at a 
fairly rapid pace and the horse suddenly stops, the rider is in 
danger of being thrown over the horse’s liead. 

{ii) If a man stands upright in a railway carriage, tlicn 
so long as the motion of the tram is uniform and in a strai'^bt 
line, he will not feel that he is being pushed forward in jTny 
way. But if the train suddenly stops, the man will fall for- 
wards owing to his tendency to go on moving. 

(tit) As an instance in which force is required to change 
motion, consider a stone whirled rapidly round and i-ound at 
the end of a string. The stone describes a circle, not a straight 

line; hence, according to the law the stone is being acted upon 

by some force which constantly changes its direction of motion. 
We find that unless we hold the end of the string firmlv and 
exert a pull on it, the stone will fly right off. In fact, if it bo 
whirled sufficiently rapidly, the force required to continually 
change its direction may become great enough to break the 
string, and the stone will then fly in a straight line. 

(tt>) Tf a smooth coin be placed on a smooth card placed 
over the rim of a tumbler and if the card be given a brisk 
motion along its surface, the coin at once falls into the tumbler, 
showing its tendency to remain at rest. 
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58. Law II. From this law we derive a quantitative 
measure offeree. 

Let m be the mass of a body, and / the acceleration pro- 
duced in it by the action of a force whose measure is P. 

Then by the second law of motion, 

P a rate of change of momentum. 
a rate of change of rnv. 

a mx rate of change of v (if mass is an invariant). 
a m. — ^ " 

where a is tlie initial velocity, and v the velocity at the end of 
time /. 

Pam./ [as, 

— where A is some constant. 

Now let the unit of force be so chosen that it may produce 
in unit mass, the unit acceleration. 

Hence, when m=l, /=1, we have P = 1 
A = 1 

The unit of fon-e being thus chosen, the expression for 
force Itoeoines, 

P = m./. 

59. Units- In I'.P.S. system, m is measured in pounds. / 
in ft. sec-. Siil)stituting in the above equation, we get. P in 
Pounflals. 

Tn r.C.S. svstem, Is measurctl in grammes, / in cms./ 
sec-., the corresponding «mit of P is called a Dyne. A Pound- 
)\1 anil a arc called .\baolute or Dynanii.*al units of force. 

Thp /“nr-c which acting on a mntA of one ■pound produce!* an 
acre},- ,nf inn of nnc. foot per ftecond per second is callc I a Poundal. 

The force ichich acfin<j on a 7/ia.ss of one gramme produces 
on accflcrntion of one centimetre per second per second is called a 
Dgnc. 
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60. Comparison of forces. If two forces P and P' actln"^ 
on a mass m produce accelerations / and/' respectively, then 

Pssm./, 

P'=m/' 

P f ft 

^ oeing the time during which 

each force acts on m. 

P change in ve L produced by P during time t 
P' ""change in vel. produced~by P' duringTime r 

If P=P', then they produce equal changes in velocity in the 
same mass in equal times. 

61. Comparison of masses. If a f>rce P produces in 
the masses m and w', accelerations/ and/' during the time ^ 

we have 

P=7n/=7n7' 

wi /V change in th e vel. of m' 

f ~ ft ~change in the vel. of m ' 

Ifm=m', then a given force acting upon them for equal 
intervals of time produces in them equal changes in velocity. 

V 

62. Relation between mass and weight. Let be the 

weiifht of a body of mass m. Since weight is defined as the 
force which the earth exerts on the body, 

W=7n.(7, wlierc g is the acceleration produced' in the body 
due to the pull of the earth. 

In F.P.S. system gs='S2 ft. /sec*, approximately. 

In e.G.S. system ^ = 981 cm./sec*. approximately. 

63. Gravitational units of force. The weight of a body 
of mass m — mg absolute units of force 

The weight of a body of unit ma.s.s=y absolute units of 

force 

The weight of J lb. =y poundals. 

The weight of unit mass is called the Gravitational unit 
of force. 
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ThP weisht of one pound is ended a pound- weight, which 
is Oftin aSiatld intS a po^d. A pound the^fore. naay 
mean either a mass of 1 lb. or a orM equa " 

HA TKfttinctioii between mass ana weigni- 

rh%rHrlo€fiHSif^ 

“dUemnr Tderent ‘p^:ce^of the prth's surface, the weight 

action a l-o-'X j‘^g,^^^^ha: fo”:"" 

!::;:re^res°a.. introduced in the 

: Wv'’be' r;:sung' on a table and if a force F. displace 
itfromAtoB and if another force F, acting 3 m?ly displace 
u frnel A to C then the displacement of the body when both 
'f .' and f! arc !!'Zg on it" would be the resultant of the 

disidaeements AB and AF. ^ 

introduced force of gravity does ’'“‘.‘“‘"/fheUai^ 
of the hall in the direction of the motion of the train. 

66. Parallelogram of forces. In Art. .1- it ^ ® 

„,ass of the AB and 

rcpresiented in ina!_'nitu»ic 


AC, then its resultant 



- « 

and direction bv the lines Al3 and 
acceleration U »» Tepresented m 
niauni^ude and direction by 
AP, the iliaffonal of the pnr- 

allelooram ABCl). 

Vorces in the directions 
AB and Af'. by the 2nd law, 
are «»/i and wj... Bet AB, 
and Af'i represent these forces. 
The re.Hultant of these forces, 
.•an be obtained by completing 
the parallelogram AB,D,C|. 
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la the A® ABD and ABiDi 

AB| 

AB “ BD “ I ■ 

Therefore, A, D and Di are cotUnear, Hence AB, represents 
the force which produces the acceleration AD, and is therefore 
equiralent to the forces represented by AB, and AC,. 

Theorem If a paHiclt 6e acted on by lwjJor<xs rtprtsenied 

inma^nilndeanddir^ionbythe two sides of a paralklogram 
draxjDn fromapoinf.ihtyaretqnioaUnlto a fortx reprtsented in 

magnitude and dirvefion by the diagonal of the parallelogram 
passing through that poxnU 

67. Law in. The most important achievement of 
Newton with respect to principles is the distinct and general 
formulation of the law of the equality of action and reaetton, 
of pressure and eounter-pre.ssure. A body that presses or 
pulls another body is pressed or pulled in exactly the same 
dcuree by tho other body. As the measure of force is the 
momentum generated in unit time, it consequently fodows 
that bodies that act on each oUicr communicate to each other 
in equal intervals of time equal and opposite quantities of 
motion (momenta;. This leads to the taw of Conservation of 

Momentum. 


68. Experimental evidence. (1) If book rests on a 
table the book presses the table with a force eijual and 
opposite to that which the table exerts on the book. 




A 

IT 
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(2) Pud or Tension, A particle is tied at one end of an 
inextensiblc string the other end of which is lied to a fixed 
support. The jjarticle due to the action of its 
weight exerts a pull on tlie support. This pull 
is oomtnunicate<l to the support throJ^i the 
string, which appears in the latter os Tension 
and is shown in Fig. 38 (a). If the support be 
sufficiently strong the particle hangs m equn 
libiiuro. Tho supports exert an upward force 
which also is communicated through the string 
to the particle. This is shown in Fig. 38 (6). for 
the equilibrium of the support, R»T Fig. 38 («). 


It 


ynf 


Fig. 39 
and lb) 
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(3) Attraction and Rupulaion. When two bodies act at 
ft distance on each other then the action between them is 
called attraction or repulsion. There is an attractive force 
between the sun and the earth, which keeps the latter moving 
in an elliptic orbit about the sun. The amount of force by 
which the sun attracts the eirth is equal and opposite to 
the attractive force of the earth on the sun. When similar 
poles of a magnet are placed near one another they repel 
each other and tend to separate away. The repulsions 
between them are equal in magnitude but opposite in direction. 

Ex. 1. A force of 15 poundals acts upon a ma^s of 13 lbs. 
What velocity will it generate in « seconds ? 

According to the 2ud law 

P= mf 

or 15 = 13/ 

or ft. /see*, is the acceleration 

acting on the mass. If the mass is at rest initially, the velocity 
after time i is given by 

v=iH [Putting u=0 Inr=u-|-/0 

X 8 = tij|-ft./8ec. 

Ex. 2. Find the magnitude of the force which acting on 
a mass of 10 cwt. for 10 seconds will generate in it a velocity 
of 3 miles per hour. 

•> 

3 miles per hour are equivalent to ^ ft. sec. 

o 

biute the body is at rest initially, the acceleration is given 
bv 

v=Jt 

oo 

=/■ 10 


/=^ ft.,sec=. 


1 
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Therefore the force P is given by 

10 X 1 12 X 1 1 


or 


25 

lOx 112x 11 


poundais 


25x32 


lbs. wt 


— 15 -r* Ibs^ wt. 
o 


Ex. 3. A mass of 10 lbs. falls 10 f-eet from rest and is 
then brought to rest by penetrating 1 foot into some sand, 
find the average thrust of the sand on it. 

The velocity acquired in falling through 10 feet under 
gravity from rest is given by, 

v^=2gk 

= 2 X 32 X 10 ft. /sec. 

Tills velocity becomes zero, when the mass has traversed 
1 foot in the sand. Therefore the retardation is giveu by, 

0 = 640-2/ 

or /=320 ft. /sec*. 

Tlierefore, the resistance of the sand P, is given by 


Of 


P^l0g=mf 

P = 320 + 10 X 320 poundals 


ll0xJ2 

32 



wt. 


B=110 lbs. wt. 

Ex. 4. A bullet of mass I oz. has a velocity of 500 ft. /sec. 
when it strikes and remains embedded in a block of wood of 
mass 6 oz. moving in a perpendicular direction with a velocity 
of 600 ft. per sec. What is the final velocity and direction 
of motion of the block 1 

Due to physical independence of the forces, the velocity 
of 600 ft. /sec. remains unaffected after the impact of the 
bullet. The block, however, acquires a Velocity perpendicular 
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to the velocity of 500 ft. /sec. This velocity can be calculated 
by the law of the conservation of momentum. If v is velocity 
acquired by the block and the bull^ after the impact, wo 
have. 



V 


or 


V 


?29 

i7 


ft. /sec. 


Hence the resultant velocity of the block is 

(600)2 + S'* f*/**®®- 

making an angle 0 = tan“*(i^) with the direction of its initial 
motion. 


Ex. 5. A jet of water issues vertically at a 3f»eed of 30 feet 
per second from a nozzle of O'l square inch section. A ball 
weigliing I lb. is balanced in the air by the impact of water on 
its undersi le. Show that the height of the ball above the level 
of the jet is 4'6 feet approximately. 

Let V be the velocity of the jet at the height h, then, 

t;2:==30>— 2j?/i 

If the ball balances in air at the height /i, then, 


The downward force due to the weight of the ball— Tho 
upward force supplied by the jet. 

As soon as the jet strikes the ball at the height k, its velo* 
city V is completely destroyed. Hence the momentum of the 
issuing water per second destroyed jy impact, is the upward 
force. Therefore 




(mass of water issuing per second) s 

velocity at the height h 


= ( 14k * 30)'’ 


48x 32 


= 24’57d ft./sec. 


or 


r = 


82*6 
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Therefore 


_ 900 _(24 576)» 

“ ’64 64 

=4-6 feet approximately. 


EXAMPLES VI 


1. *A man seated on a smooth seat in a railway carriage’ (with his back 
to the engine) tends to move when the train starts — in which direction? 
Why ? Would he have anv difficulty in "keeping his seat when the train 
is going at full speed ? Why ? 

2. If you jump off a moving train why do you tend to fall down on 
reaching the pl^afOrm ? In which direction are you likely to fall ? 

3> Wfiat force must be applied for one-tenth of a second to a mass 
of 10 tons in order to produce in it a velocity of "^840 ft. per minute? 
What would be the momentum of the mass so moving ? 

4TvAyforce of 100 dynes acts for three seconds on a body of mass 25 
grammes initially at rest, and then ceases to act. How far does the body 
travel in 4 se«. and in the 4th second ? . 

5 Erttmciate the 2nd Law of Motion and prove by means of it that If 
two bodies at rest receive two equal blows, the velocities produced are 
inversely proportional to the masses of the bodies. ^ ^ 


6. ..^^ass of 40 lbs. falls 10 feet from rest and then penetrates to 
a depth of 1 foot into the sand before coming to rest. Find the aver- 
age thrust of the sand. 

y.^'^borizontal force equal to the weight of 9 lbs. acts on a 
mass along a smooth horizontal plane ; after moving through a space 
of 2.5 feet the mass has acquired a velocity of 10 feet per second ; find its 

magnitude. 

8 It was found when one foot was cut off from the muzzle of a 
»un firing a projectile of tOO lbs., the velocity of the projectile was 
altered from 1490 to 1330 feet per second. Show that the force 
exerted op- the projectile bv the powder-gas at the muzzle, when 
expande^n the bore, was about 315 tons weight. 

5^ A railway train whose mass is 100 tons moving at the rate of 
a mUe a minute, is brought to rest in 10 secs, by the action of a 
uniform force. Find how far the train runs during the time for which 
the force is applied. 

\txy^ mass m is acted on by a constant force of P lbs 
which in I secs, it moves a distance z feet. 'and cquires 
ft. per second. Show that 

gttp v^m 


wt. under 
velocity Jv 


X 
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btrllet weighing 81 grammes and moving at the rate of 200 
cms. per second is fired into a log of wood ktto which it penetrates 10 
cms. If the bullet moving with the same velocity were fia-ed into a 
similar piece of wood &.cms thick, with what velocity would it emerge ? 
Find also the force of resistance, supposing it to be uniform. 

12. A train of mass 120 tons is trav^Hng with uniform speed, 
the resistance due to friction being 14 lbs. wt. per ton. If a por- 
tion of may* 20 tons 13 slipped, how much will the other portion 
have gained on it in 12 seconds, assuming the pull of the engpae and the 
resistance per ton to be the same as before ? 
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69 Motion of two particles connected by a 

Two iartUUs, of masses m, and are connected by a light 
inexte^sibh s'ring which passes over a small smoothed puUey. 

>m;, find th, resulting motion of the system, and the 

tension of the string. 

Let the tension of the string be T poundals ; the pulley 
being smooth, this will be same throughout the string. 

Since the string is inextenfible, the yeloci^ 
ofm. upwards must, throughout the motion, be 
the same as that of m, downwards. 

Hence the accelerations of the two particles 
are equal in magnitude but opposite in direction. 

The acceleration of m, is f ' 
while that of is directed upwards. Let the 
magnitude of the common acceleration be / ft./set . 

Then bv the 2nd Law of motion, the down- 
ward force on m, equals the product of its mass 

and acceleration ; 



i-T 




TJIi 


Hence 


Fig. 39 
...( 1 ) 


xiCL»\^v m^g T—m^f 

Similarly for the second particle, the upward force equals the 
product of iU mass and acceleration. 

T-mrf = m,/ -<2) 

Adding (1) and (2) 




or 


Substituting this value off in (1), we get 

T = poundals. 
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Ex. Two weights W and W' are connected by a light 
string passing over a light pulley. If the pulley moves upwards 
with an acceleration equal to that of gravity, show that the 

4WW' - 

tension of the string is — 

If wi, and Wj be the masses of the two weights, we have 

W ^ W' . , - 

mt= — and — • 

‘ ff 9 

vSup]X)se/ is the common acceleration of the two masses, 
if the pulley were at rest. Then due to the upward acceleration 
of the pulley, the acceleration of >n, is (/ — g) vertically down- 
wards, and that of is (/4-^) verticiilly upwards. If T is 
the tension of the string, we have 

m,y— T=m, (/— 9) •••(1) 

and T — m^g = m, (f g) -.(2) 

Multiply (1) by m. and (2) by m^ and subtract (2) from (1) ; 
2m|m,9- + T = — 2 m^m2 g 


or 


T = 


4m|7n 


in I + 3 

4\V\V' 

W + W, 


a 


70. Two particles, of masses and are connected by 
a light inertensiUle string : rn^ is placed on a smooth horizontal 
fable and the. string passes over a light smooth pulley at the edge 
of the fatjh\ Wj hanging freely. Find the resulting motion. 


I>ct 'f be the tension of the string 
in poumlals. 

The velocity and acceleration of 

along the table must be equal to 

the velocitv and acceleration of m\ 

♦ 

in a vertical direction. 

Ia'I / be the common acceleration 
in feet per soc. per sec. 


mt T 


r 

mi 

Tig. 40 


The force on m| is -T, acting 
7W.C - T = »7i,y 


vertically downwards 
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The only horizontal force acting on is the tension T [for 
the'weight oi'tn^ acts vertically downwards and is balanced 
by the reaction of the table] 

Adding (1) and (2), we have 




m 


4-wi 



Substituting in (2), we get 





g poiindals. 


71 . Two masses, nl^ and 7iij, are connected by a string ; 
is placed on a smooth plane inclined at an angle a to the 
horizon, and the string, after passing over a small smooth pulley 
at the top of the plane, supports nix, which hangs vertically ; if 
TWj descends, find the resulting wo^ion. 


Let the tension of the string be T poundals.. The velocity 
and acceleration of m^ up the plane are equal to the velocity 
and acceleration of m, vertically downwards. 


Let/ be the common acceleration, 
motion of is, 

mxg~T! = m^ 


The equation of 


• • • 



Forces oh are : its weight m^g 
acting vertically downwards, the 
reaction R perpendicular to the inclined 
plane, and the tension T of the string 
urging it to move up the plane. 

Resolving m.y along and perpendi- 
cular to the inclined jdane, we note 
that the resolved part of m^g perpendi* 
cular to the inclined plane is completely 
balanced by the normal reaction R, 
and the force (T-mj? sin a) up the 
tion /. 



Fig. 41 

plane produces accclera- 
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Therefore, we have 

Rssmjff cos o 

T — 'tn^g sin a — m^f 

Adding (1) and (3), we get 

wi| ’-m 2 sin 

Substituting the value of/ in (1), we have 

mg - Wj sin a 1 

mi + TTii J 

yUiTTit (l+sin g ) 

TUg + mj 

giving the tension of the string. 

72 Motion of connected bodies on two inclined planes. 

Two masses, mg and m, (mi>TO 2 ) are connecUd by an inextenstbh 
but flexible string and placed over two smooth inclined planes, 
making angles a and ^ with the horizontal, having a eomtndn 
vertex C, with the string passing over a smooth pulley at C, To 
find the motion. 






1 



Let /=s common acceleration 
T— tension of string in 
poundals. 

R= normal reaction of 

the plane on mg 
S = normal reaction of 

the plane on 

Since the particle m, moves 
down the plane with acceleration 
/ we have, 



and 



R-=mg(7 Cos a ..♦(!) 

m^g sin a— T.^m|/ .--(2) 

The particle moves up the plane with acceleration /, 

cos ^ •••(3) 

T^m^g sin - m^f •••(^) 
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Adding (2) and (4), we get 

g (TOj sin a -wij sin ^) = (wt| + m 2 )/ 


or 


m , sin g — Wg sin ^ ^ 
~ m,+wi2 


Substituting in (2), we get 
T = mi{g sin a-/) 


^rn^9 ( 


ein a — 


m\ sin g — sin /3 


n?i + nia 

fflifft a (sin g + sin j8) ^ 


) 


TMi+TO^ 

Ex 1 A String is attached at a fixed point A, 
verti^liy downward and around a movable smooth P^Jley B 
f • i?f iKa thf»n vertically upward and over a fixed 
Ir/yt and Itu Is attached t/a vJeight of 35 pounds winch 
hanes vertically. The 35 lbs. weight is giv*'n a downward 
velomty of 20 ft./sec. Find the tension m the string and the 
velocity of 35 lb. weight after it has moved 10 feet. 

Ijet s be the displacement in feet of ‘i— i''' bndv 
in t seconds, and let / be its acceleration 
vertically downwards. Then, the accelera- 
tion of the 50-pound body is equal to 

vertically upwards. 

Equation of motion of 35 lbs, body is 
35^-T = 35/ -'{1) 

Equation of motion of 50 lbs. body is 


T-50? = 50x ^ 


..•(2) 


Multiply (1) by 2 and add (2) to it 
20^ = 95/ 

ft./sec.* 

And T = 27*0'lb8. wt. 

Now, initial velocity of 35.pound weight is 20 ft./sec ; 

and its acceleration is x32 ft./see>. Hence, its velocity 
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after it has moved 10 feet, is given by 



1 €7 

t>s23’2:ft./8ep. . 


Ex. 2. A. and B are masses of 6 oz. and 3 oz. respectively 
resting on two smooth, tables, placed' with their edges parallel. 
They are connected by a fine string which hangs between the 
tables with its hanging parts vertical and carries in its loop 
a smooth pulley C of mass 4 oz. The string lies in a vertical 
plane and crosses the edges of the table at right angles to the 
edges. ,, t 

Find the tension in the string, (i) when A and B are 
held fast,' itt) when B is held but A moves, (m) when. A and 
B both move ; and show that in the three coses .tensions are 

in the ratio 21 : 18 : 14. 

• - •’ 


(») .Let T be the tension in the string when f A and B 


• '1 * < 

are held fast. The pulley 

C is atircst and we geti on 
considering its equilibrium, 

2T-ji!, = 0 

or T— a ih. wt. ...(1) 

(tf) When B is held let 
A move a distance x along 
the table in i seconds ; then 

C will move a distance — 

acceleration of A, then 


€02. 


30Z. 






Fig. 44 

in the same time. Let / be the 




.»{ 2 ) 


^ If /, is the acceleration of the pulley O’, we have 


or 


f - ^ / 


...( 1 ) 

...( 2 ) 


■nr 
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For the motion of A, if T is 
we have 

T = |/ 


the tension in the string, 



For the motion of C 

-Ii7-2T = 

From (3) and (4), we get 





lb. wt. 



(n't) Let now A move a distance x and B a distance y 
in time then C moves a distance ^ (a;-|-y) in time L If/, 
and /j are accelerations of A and B, the acceleration of C is 
^ (/i-i-fj). For the motion of A, B and C we have 

U.-T 

T%f2='^ 

and ? ?“2T = -J . 4 (/ 1 +/ 2 ) 

whence we get lb. wt, 

From (1), (5) and (6), wo get the ratio of the tensions, aa 

1 ■ (I * 1 

5 • HI • TJ 

or 21 : 18 : 14. 


Example* VIl 

1. Two particles, of masses 7 aod 9 lbs. are connected by a light 
stiing passing over a smooth pulley. Find (1) their common acceleration, 
(2) the tension of the string, (J) the velocity at the end of 5 seconds, and 
(4) the distance described in 5 seconds. 

2. Weights of 8 and lOlbs. are attached to the ends of a string which\ 
Is placed over a smooth pulley. The system is given an initial velocity^ 
of 6 ft./scc. which causes the smaller weight to descend and tho ( 
larger to rise. Find (o) the time until the weights reverse the 
direction of thair motion ; (b) the distance each body moves in that i 
time. 

'3. JTtfoparticles of masses 10 pounds and 3 pounds are connected 
by a w'^lghtless, inextensible string, which is hung over a smooth pulley 
and let go* Two seconds after the motion starts the string is cut. After 
the string is cut. find how much farther the lighter weight continues to 
rise. Find the distance fallen by th^. hns.vyr weight from tho time the 
string i^cut to -ibo time ceases risiug. 
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4. Two masses, each equal to m, are connected by a string passing 
over a smooth pulley ; what mass must be taken from one and added to 
the other, so that the system may describe 200 feet in 5 seconds ? 

5. If ACB be a string passing over a smooth pulley C, and a weight 
of 5 lbs. be attached at A, a weight of 3 lbs. at B, and another of 3 lbs. 
between B and C, and if B be originally 11 feet from the ground, find the 
distance above B of the third weight in order that the latter may just 
reach the ground, t ind also the time of motion. 


6. A smooth pulley carrying a total load W hangs in a loop of a 
cord which passes over two fixed pulleys, and has weights P and Q freely 
suspended from its ends, each segment of the cord being vertical. Show 
that W will remain at rest or move with uniform velocity provided 
1 I 4 

-p- there being no friction anywhere. 


. A 2 ib. weight rests on the floor and is attached to a vertical 
strin.; which passes over a smooth pulley. The other end of the string 
is attached to a 1 lb. weight which hangs t foot clear of the floor. The 
one lb. weight is raised vertically to a height h feet above the floor and 
then released. Find th value of h if the I lb. weight is just to touch the 
floor on its first descent 


73. Motion of particles on rough surfaces. Earlier, we 
have bad enough proble.ns relating to motion of particles on 
surfaces which are perfectly smooth. Although, it is possi* 
ble to diminish the roughness of a surface considerably by 
polishing it with suitable material, yet it cannot be made per- 
fectly smooth. It is well known from experience that the action 
between two solid bodies in contact is not always merely a 
force perpendicular to the surface of separation. The simple fact 
that a body can rest on an inclined plane under no forces but 
its weight and the reaction of the plane shows that this reaction 
has a component along the plane which balances the component 
of weight down the plane. This, component of reaction lies 
wholly in the tangent plane passing through the point of contact 
of the bodies and is called Friction. 

Friction is a resisting force and is 
called into play only when it is necessary 
to prevent or oppose the relative motion 
of the point of contact. It cannot by 
itself produce motion of a body. it is 
a passive force.' The only function of 
n jxtssive force is to preaerve equilibrium if 
it can. 
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74. Laws of friction. Friction may be of three kinds : — 
Statical friction- When one body in contact with another 

is in equilibrium, the friction exerted is just sufficient to main- 
tain equilibrium and is called Statical friction. 

Limiting friction- When one body is just on the point ol 
sliding on another, the friction exerted attains its maxitr.um value 

Q,nd is c&Wed Limiting friction. 

Dynamical friction- When motion ensues by one body 
moving or eliding on another, the friction exerted is called 

Dynamical friction. , — . . 

75. Direction and Magmtude of Friction. When two 
bodies are in contact, the direction of friction on one of them 
at its point of contact is opposite to the direction in whicii 
the point of contact would move or in which it actually moves. 

The magnitude of the limiting friction at the point of 
contact between two rough bodies bears u constant ratio to the 

normal reaction at that point. ' « is called the coeffi- 

cient of limiting friction. Also ^ = tnnA'=M, A is called the 

angle of friction. A is the angle which the resultant reaction 
S makes with the direction of R, the normal reaction. 

When motion ensues by one body sliding over another, the 

magnitude of the friction is independent of the velocity of the 

lX)int of contact, but the ratio of the friction to the normal 
reaction is slightly less when the body moves, than when it i.s 
in limiting equilibrium. 

76. Motion on a rough plane A particle didis down a 
rough plane inclined to the horizon at an angle a ] if ^ be the coeffi- 

cienl of friction, to determine the motion. 

Let m be the mass of the particle, R be the normal reaction 

of the plane, and pR be the friction. 

Since there is no motion perpendicu- 
lar to the inclined plane, the normal 
reaction must balance the component of 
mg along the perpendicular to the inclin- 
ed plane. 

T^rsmg -cos a •••(1) 

The total force down the inclined 

rdanc is (wi? ein a— >*R) poundals. If/ 

ib of ibc p^rrlicIC) thou, 




so 
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by second Law of niotion. ' 

sin a— /^R (2) 

- mg sin a— / aR , . < 

or /=* s»(?(sm a— M cos a) •••(3) 

Hence the velocity of the particle after it has moved from 
rest over a length, i of the plane, is given by 

t>2=«» + 2/5. 

In this case «saO ; 8=1 and / is given by (3). . ' * 

»•. /2^Z(8in a — /* oos a)^ 

Similarly, if the particle were projected up the plane, we 
have to change the sign of /f-, and its acceleration in a direction 
opposite to that of its motion is g (sin a-f/* cos a). 

77. Tioo equally roitgh itkclined ‘planes^ of equal height whose 
inclinations to the horizon are a and ^ are placed hack to back ; 
two masses, mi and m^, are placed on their inclined faces and are 
connected by a light inextensible string passing over a smooth pulley 
at the common vertex of the two planes ; if mi descend, find the 
resulting motion. 

Let T be the tension of the string in poundals, R| and R* 
the reactions of the X)lane8 
and the coefficient of fric- 
tion. 

Since m| moves down, 
the friction on it acts up the 
piano. 

Since m^ moves up, the 
friction on it ajts down the 
plane. 

Hence the total force on 
tni, down the plane 

=:m |<7 sin a — T— mR|, 

e^m^y (sin a — p oos a) — T 

Hence, if-/bo-tho common acceleration of the two pirticles, 

ye have, by the 2ik1 Law of motion, 

mjy (sin a — cos a) — 



[•/ R,=miycosB] 


...( 1 ) 
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Similarly, the total up the plane. 

=T — sin ^ 

cos P + sin /3) ['.■ R.-m*? cos jS] 


Hones 

T -mf7(8in /S+/* cos ^)=m / 



Adding (1) and (2), we have 

/(mi+tn,) =g[m|(sin a cos a) + »n,(sm /5+P cos /5)] 

giving the required acceleration. 

78. A bodj/ qf m<us m /6a., ta pioced on a horhontal plane 

which is in motion with a vertic^ upward acceleration Jind the 
reaction between the body and the plane. 


Let H be the reaction between tho, 
body and tho plane. Since the body is, 
at any instant, resting on the plane, it. is 
also moving upwards with an acceleration 
/. Hence, according to Newton’s second 
law, force on the body in the upward 
direction=m/. But R acts upwards, and 
mg, its \veight, acts downwards. There- J 
fore, tho force on the body, R — mg acts 
vertically upwards ; hence 

R^mg=mf or i2=m (g+Z) 



Fig. 48 



If, however, tho piano bo descending with a downward 
acceleration /, the reaction Rx, is given by 

tng-Ri = n\f 

or Ri=tH {g~J). ... (2) 

note that the reaction is greater or less than the weight of 
the body according as the acceleration of the body is upwards or 
downwards. Moreover, i?| is zero iff=g, in the second case. 


79. Apparent weight of a man in a lift. When the lift 
is moving up or down with uniform velocity, /=0 ; hence, the 
reaction of the floor is equal to the weight of the man. When, 
how'cver, the lift is being accelerated upwards, the reaction of 
the floor must be greater than the man's weight, because it has 
not only to support his weight, but also has to give him an up- 
ward acceleration. Again, when the lift is being accelerated 
downwards, bis weight must cscoeed the reaction of the floor 
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on his feet by the amount necessary to impart to him the 
downward acceleration of the lift. 

From equation (1) Art. 78, ‘ the man will aeem heavier by 

the fraction of hie weight: From equation (2) 'the man 

ff 

apparently loses — of hia weight.* 

Ex. 1 . A cage weighing 2^ tons is raised and lowered in 
a coalmine shaft by a steel cable. Find the tension of the 
cable ( 1 ) when the cage is raised or lowered with a constant 
velocity, (2) when the cage is lowered with the speed increasing 
uniformly from 0 US 1000 feet per minute, in the first oU 
feet. 

Let T be the tension in the cable in poundals, just above 
the cage. The resultant upward force on the cage is, 

(T — fx2240xp) poundals. 

(1) If the velocity is constent, the acceleration is zero, 

/. T- 1 X 2240x^=0 

ox T —4 tons weight. 

(2) If the velocity changes from 0 to 
in 60 feet, the acceleration / is given by 

or / =-Vft*/8®c* 

5 X 2240 X 9 — X 2240 x V' 


1000 feet per minute. 


I’=SX2240X» (1- 3^f^) 


X III tons weight 

s=2*28 tons weight (approximately). 

Ex. 2. A balloon weighing 800 lbs. is descending with a 
Constant acceleration of I ft./seo.*, when 50 lbs. of ballast is 
suddenly released. Find the magnitude and direction of the 
acceleration immediately after the release. 

Originally the ballast is moving with the plane with a 
constant acceleration of 1 ft./eec.^ The moment it is released. 
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it begins descending with an acceleration of 32 ft./soc.* 
Hence the rate of change of momentum of the ballast in the 
downward direction 

= 50(32—1) 


=60x31 poundals. 

The same momentum is communicated to the plane, 
which now weighs 750 lbs. If f is tlie acceleration of the 
plane vertically upwards, we have by Newton’s 3rd Law, 

750 (/+1) = 60x31 

_50x31 31 


750 


15 


206 


/= 1 06 ft./sec». 


Examples VI 


II 


]. A mass of 5 lbs. on a rough horizontal table is connected by a 
string with a mass of 8 lbs. which hangs over the edge of the tabic ; if the 
coefficient of friction be A, find the resultant acceleration. 


Find also the coefficient of friction If the acceleration be half that of 
a freely falling body. 


2. Two rough planes, inclined at 30* and 60* to the horizon and of 
the same height arc placed back to back; masses of 5 and 10 lbs. are 
placed on the faces and connected by a string passing over the top of 


the planes ; if the coefficient of friction be —7n. find the 


resulting accelera- 


tion. 


3. A rough plane is 100 feet long and is inclined to the horizon at 
an angle Sin ^be coefficient of friction being and a body slides 
down it from rest at the highest point ; find its velocity on reaching the 
bottom. 

If the body were projected up the plane from the bottom so as just to 
reach the top, find its initial velocity. 

4 . The velocity of flow in a water-main of 6 inches diameter is 5 
ft /sec. At one place the main is bent through an angle of 30*- Find the 
resultant force on the bend. 

5. Water issuing from a nozzle of 2 inches diameter, with a 
velocity of 50 feet per second impinges on a vertical wall, the jet being 
at right angles to the wall. e2f there it no splash find the pressure 
exerted on the wall. 



t4 


DYNAMICS 


6. Fifty Cubic feet of water are flowing per minute along the 
fixed vane AB. The speed along the 
vane is constant and equal to 20 ft. per 
second. Find the magnitude and 
direction of the resultant force produc. 
ed on the vane. 

7. A loaded cage weighing 2 tons 
Is drawn up a mine shaft by a wire 
rope passing over a pulley at the top- 
If the pull is constant, and the cage 
acquires a speed of 10 feet per second after it has been rising for 5 
seconds, find the tension in the rope. If men weigh 240 stone, find 
the pressure they cause on the floor of the cage in tons. 

8. A balloon is rising with an acceleration /. Prove that the 
iraction of the weight of the balloon which must be emptied out in 

the form of sand in order to double this acceleration is , assu- 

ming the upthrust of air to remain unaltered and that air resistance 
is neglected. 

y. A balloon of total mass t20 lbs. is drifting horizontally when 
40 lbs. of sand are suddenly released. Find the acceleration immediately 
after the sand is released. 

10. A balloon ascends vertically with a uniformly accelerated motion 
so that a weight of 1 lb. produces on the hand of the aeronaut sustaming 
t. a downward pressure equal to that which 17 oz. produces when at 
rest ; liiid the heig.>t which the balloon attains in one minute from 
irest. 

11, A man in a lift at rest holds in his hand I lb.; suddenly 1 lb. 
appears to wuigh 15 oz : then suddenly the weight appears to changi? 
to that of 17 oz.; and nc.xt it appears to have its usual weight ; he finds 
thatjthe lift has descended 128 it. from rest and has come to rest. HoW 
long did it take in the descent ? 

^12. .\ train of mass 140 tons, travelling at the rate of 15 miles per 

hour, comes to the top of an incline of 1 in 128, the length of the incline 
being half a mile and then the steam is shut ofl; taking the resistance 
due to friction, etc., as 10 lbs. wt. per ton, find the distance it describes 
on a horizontal line at the foot of the incline before coming to rest. 

13. A locomotive exerts a constant drawbar pull of 3 tons on a 
train weighing 1.5f tons, moving up a 1 per cent grade. Resistance other 
than gravity amoont to 12 lb. per ton. How long will it take to change 
the speed from l5 miles per hour to 30 miles per hour, and how far will 
the train muve in that time ? 

14. A mass m is drawn up .a smooth inclined plane, of height and 
length by means of a rope passing over the vertex of the plane, from 
the other end of which hangs a mass m'. 5>hcn» that, in order that m 
may just reach the top of the plane, «i' mast b« detached after m has 

a di5tance 

m / i>*/ 



CHAPTER VII 

IMPULSE, WORK, POWER AND ENERGY 

80. Impulse of a Force. If a force P of constarit 
magnitude acts on a particle for a time t, the product 
Px< is called •ihe impulse of the force for the time t. If 
P is measured in pounds-weight, tlic unit of impulse is ‘ pounds 
weight-seconds”. If P is measured in poundals, the unit 
becomc.s “poundal seconds”. 

If, however, the force is variable, its impulse in a given 
time is equal to the product of the mean value of the force and 
the given time, 

81. Relation between Impulse and Momentum. Suppose 

a force P acts on a mass m for t seconds and changes its 
velocity from u to v, and generates in it an acceleration 
/, then , 

I=Pxt 
= »n/x/ 

«=m (u ” «) 

- mu 

Bchange in mcmentura. 

It is to be noted that P should be in poundals, because, 
otherwise, we oinnot write P = m/. 

82. Blows or Shocks. We often come across forces 
which are enormously great in magnitude but act for a very 
short time. In such cases the effect of the force is measured 
by the change of momentum produced, which may be finite. 
The blow of the baramer, or the forces arising when the cricket 
ball is hit hard by the bat, are the forces which come in this 
category, and are also known as impulsive forces. 

Ex. A hammer whose mass is 2 bs. strikes a fixed steel 
plane with a velocity of 10 ft./seo ; if the hammer rebounds 
after jxthiju second with a velocity of 6 ft./sec. what is the 
mean value of the pressure exerted on the plane ? 
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Impulses change in moxnentam 

= 2x 10-2x(— 6) 

=32 units of momentum. 

But I = P i 

or P=320000 poundals 

Pressure = »loo<i2= looOO lbs. wt. 

83. Motion of a Shot and Gun. When a gun is fired, 
the powder is almost immediately ignited and converted into 
a gas at a very high pressure. The gas expands and forces the 
shot out of the gun with a great velocity. The action of the 
gas is similar to that of a compressed spring trying to regain 
its original shape. The force exerted on the shot forward 
is, at any instant before the shot leaves the gun, equal and 
opposite to that exerted on the gun backward. Hence the 
impulse of the force on the shot is equal and opposite to the 
impulse of the force on the gun. Hence the momentum 
generated in the shot is equal and opposite to that generated in 
the gun, if the latter is free to move. This is precisely tho 
reason for keeping the butt tight close to the shoulder near the 
arm-pit while firing a gun or a rifle. By holding the gun in 
this manner the backward motion of the gun is shared by the 
whole body and less jerk is felt. 

Ex. 1. A shot, whose mass is 200 lbs., is projected from a 
gun of muss 40 tons, with a velocity of 800 feet per second ; 
find the velocity generated in the gun. 

If is the velocity generated in the gun, and since the 
momentum of the gun is equal and opposite to that of tho shot, 
wo have 

40x2240x^=200x800 

v= 1 { 1 ft. /sec. 

Ex. 2- A shot, whose mass is 800 lbs , is discharged from 
an 81-ton gun with a velocity of 1400 ft. /sec. ; find the cons- 
tant force Mhich actmg on the gun would stop it after a recoil 
of 5 feet . 

If r is the velocity of recoil, we have 

81 x2240x i’ = 800x 1400. 
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li / is the retardation due to which the gun stops after a 
recoil of 5 feet, 

rsooxuooy ^ 

®=L"8T)^240" J 

Hence the required force 

P = Mass of the gun x retardation 

800 X 1 400 


800x1400 y , , 
= 81x2240. A ^rii2240-J 


= 9 §Sf tons’ wt. 

Ex 3 A gun is mounted on a gun carriage movable on 
a smooth horizontal plane, and the gun is elevated at an angle 
a to the horizon ; a shot is fired and leaves the gun in a direction 
inclined at an angle 0 to the horizon ; if the mass of the gun 
and its carriage be n times that of the shot, show that 

tan 0= ( 1 + ) tan a. 

Let ti be the velocity of the shot along the barrel, relative 
to the gun, and v the backward horizontal velocity of the gun 
and the carriage. Let m be the mass of the shot, and nm that 
of the gun and carriage. The resultant velocity of the 
shot at an angle 0 to the horizon is compounded of u at an 
elevation a, and v horizontally backwards. 

Equating the impulse on the gun in the horizontal direction 
to that of the shot in the same direction, wo get 

nmi;=m(M cos a — v) (1) 

where tt cos a — c is the actual velocity of the shot in the hori- 
zontal direction 


If V is the resultant velocity 
angle $ to* the horizon, 

V cos 0=tt cos a — V 
and V sin 0 = u sin a 

Dividing (3) by (2), and using (1) 


tan Ps 


u sin a 
u cos a — t; 


of the shot inclined at an 


(2) 

(3) 




tan a. 


Ea, 4. A hammer head weighing 1*2 lbs., and moving 

with a velocity of 16 feet/sec., strikes a nail of 0*1 Ib. weicht 
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and drives it ^ inch into a piece of wood. Asanming no 
rebound of the hammer and the resistance to penetration of the 

nail constant find its magnitude. 

Let e be the velocity with which the nail and hammer 
move immediately after the impact. Then by the law of 
conservation of momentum 

l'2xl6 = il-2-^01) V 

16x1-2 


• « 


V = 


1-3 


1 




= 14-8 feet per second. 


Since the resistance to penetration is constant the time 
rate of change of velocity will be uniform. 


• • 


average velocity of penetration — 


14-8 


and the time of penetration = 


1 


^ 7-4 ft./^ 
second. 


/ -■> 


24x7-4 

The resistances rate' of change of momentum 

= l'3x 14-8 X 24x7-4 poundals 
= 107 Iba. wt. 


It 

\v 

I 


I 


I 

IK 


L 


\ 


X * 
K 




The magnitude of the blow between the hammer and the 
nail=the change of momentum of the hammer 

= 1^(16 — 14-8) . 

= 12x1-2 
= r44F.P.S. units. 

Ex. 5. A machine-ffun is mounted on an aeroplane and 
when the latter is travelling at 50 m. p. h. the gim is fired in 
the direction of travel for 15 seconds. Find the reduction in 
speed of the aeroplane due to this, and the force tending to 
move the gun relative to the aeroplane. 

Total weight of the aeroplane 1800 lbs. Rate of firing 
CCK) bullets per minute. Weight of bullet ^ oz. Muzzle velo- 
city of bullets 2000 ft. -sec. 

The reaction of the force acting on the bullets is at 
every instant acting on the gun, and therefore on the 
aero]ilane. 
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The time average of the force on the bullets^ the change 
in momentum per second. 

j 600 _ 5 

The mass discharged per second— 2x16x60 10 


The change of velocity 


= 2000 ft./sec. 
Force=i 0 x 2 OOO poundals 


5 X 2000 
16x32 


= 19'5 lbs. wt. 


This is the force tending to move the gun relative to the 
aeroplane. Now let us examine the effect of the reaction of the 
force on the aeroplane. We may neglect the small change ot 
mass due to the discharge of the bullets. 

The force of /a X 2000 poundals acts for 15 seconds. If v 

be the velocity of the aeroplane in feet per second, at the end 

of 16 seconds, we have 


or 



50 X 88 
60 


V j =xsX 2000x15 
r=68'l feet./seo. 


Examples DC 

1 A train of 100 tons is observed to be moving on smooth rails 
with a velocity of 15 miles an hour ; after an interval it is observed to be 
moving at 45 m.p.h. ; what impulse has been applied to it ? 

2. A football of 1 lb. wt. is moving just after it has been kicked 
from rest with 2u ft./sec ; what impulse it has received and find the 
force of the impulse, supposing the interval of the impulse to have been 
(i) 4 sec. (hJ i, sec. 

3. A tricyclist and his machine are 2 cwt. : find the pressure on the 
pedals {neglecting friction, the roUry motion of the wheels etc.), supposing 
that he attains a velocity of i5 m. p. h. from jest in 20 ^conds. and 
that he applies pressure for two-thirds of each revolution of the wheels. 

4. A sculler can apply to the water with the blades of his sculls a 
pressure of 28 lbs. wt. ; supposing he rows 30 strokes a minute and that 
the pressure is applied to the water for a quarter of each stroke, find 
whdt imp uIm be applies ID one iniout^. 

5 . A hammer of 2 lbs. bits a nail with a horizontal velocity of 
40 ft./sec. and drives the nail into a board to the depth of half an inch ; 
find (t) the force which is exerted on the nail supposing it uniform, (a) the 
duration of the impulse* 


I 
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6. A shot, of mass 700 lbs., is fired with a velocity of 1700 feet per 
second from a gun of mass 38 tons ; if the recoil be resisted by a constant 
force equal to the weight of 17 tons, through how many feet will the gun 
recoil ? 

84. Work. If a force acting on a body causes a displace* 
mcnt of it then the force is said to do work. The work done is 
positive when the resolved part of the displacement vector in 
the direction of force has the same sense as the force. The 
work done is negative if the resolved part of the displacement 
vector has a sense opposite to that of the force. 

When a particle falls towards the earth, the work done is 
positive, because the particle moves in the same direction in 
which the force is acting. But, in the case of n particle thrown 
up from the surface of the earth, the work done during its 
ascent is negative. 

We sec that there arc two things necessarj' before work can 
be done, viz. force and motion. Due to its dependence on these 
two quantities, the word work acquires a technical significance, 
and should be more properly called “mechanical work.” 

85. Measure of work. The quantity of work done is 
measured by the product of the force and the resolved part of the 
displacement vector in the direction of force. 

If the point of application 
moves from A to B, L 

Work done = Px 9. cos 
where AB=s. 

= P cos Sxs. 

The work done is also equal to 
the component of the force in the Fig. 50 

direction of the displacement multiplied by the displacement, 

86. Unit of work. The absolute unit of work in the F.P.S. 
system it foot poundal. 

One foot- poundal is the work done by 1 pouodal of force 
actini! through a distance of 1 foot. In C. G. 8. system the 
absolute unit is the erg. One erg is the work done by 1 dyne 
of force acting through a distance of 1 centimetre. 

1 Joule .s 10’ ergs. 
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87. Gravitatloxi uniu of work. The unit of work used 
by engineers is a Foot-pound, which is the work^ done in raising 
the weight of one pound through one foot. Since the weight 
of a pound is equal to g poundals, it follows that a Foot-Pound 
is equal to ^-Foot-Poundals. 

Similarly in the C. G. S. system, the unit of work is gramme- 
centimetre, i.e. the work done in raimng a mass of one gramme 
through a vertical height of one centimetre. 

88. Power. The 'power of an agent is the rate of its doing 
toork, and is measured by the amount of work done by the agent 
working uniformly for a unit of time. 

If F is the force in lbs. wt. and 5 the resolved part of the 
displacement vector along the line of action of the force, the 
amount of work done isPxs units of woik. If Ms the time 
taken in seconds to accomplish work, 

The rate of work=Fx-^ 

s=F X V foot lbs. /sec. 

where v is the velocity of the point of application in the direc- 
tion of the force. 

89. Unit of Power. The unit of power in F. P. S. system 
is a foot-pound per second, while in the C. G. S. system it is one 
Joule per second, and is called a Watt. 

1 Watt = 1 Joule per second = 10^ ergs per second. 

90. Horsepower. A Horse^power (B.P.) is the unit of 
power {commonly used by engineers) equal to 33000 ft. lbs. of 
work per minute or 550 ft. lbs. of work per second. 

If a body under the action of a force F lbs. wt., move with 
velocity v ft./sec., then the Horse-power acting on it is given by 


** “ 550 • 

Ex. 1. A train of 100 tons is pulled by an engine on the 
level at a constant speed of 30 m.p.h, the resistance due to 
friction etc. being 10 lbs. per ton. Find the minimum horse- 
power of the engine. Find also the acceleration of the train 
when it is moving at 10 m.p.h’,, the engine working at its mini- 
mum rate. 
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The resistance^lOO X 10 — 1000 lbs. 

Speed=30 m.p.h =44 ft./sec. 

Since the train is moving at a constant rate, the pull of the 
engine is equal to the resistance. 

/. The rate at which the engine is working 

= 1000 X 44 ft. lbs. per sec. 


Horse power 


. . •. 44000 

of the engine =s 



In the second part of the question, the train starts from 
rest and the engine is all the time working at 80 H. P. It will 
accelerate the motion till the velocity becomes 30 m.p.h. 

44 

Hero the velocity is 10 m.p.h. = ft./sec. 

If F is the force exerted by the engine, we have 

Fx^i- = 80x550 
F=3000 lbs. 

Uosi8tanco = 1000 lbs. L- - ' ^ 

If / is the acceleration at that instant 

m/=(F-R) 32 

(3000- 1000) X 3 2-, 

100x2240 ” 


= fr,/sec*. 

Ex- 2. A lift weighing .5 cwt. rises from rest through a 
height of .50 feet in .5 seconds with uniform acceleration. Find 
the average horse-power exerted during this time. 


• • 

or 


If / is the acceleration of the lift, then 

^ = 4 (f-9) 

50 = .5 if-g) .25 
/-?=4 

f =g-\-4=3Q ft./sec®, 

, , . total distance 

Now, the average velocity* — total time — “ 

= 10 ft./sec. 

Force on the llft = 6 X 112 x.36 poundals 

6x112x36 


32 


lbs. wt. 


^ 
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« 


Average H. P. 


Force x Avera ge velocity 


550 

5x112x36x10 


32 X 550 


= 11A. 

F<flm ple« X 

1. A hor^ draws a t-n^car of 2 ^os a^ng ^ 

u'rorthe^cU” the JF. hod how maoy ,oor lb. the 
is doing per second. * # oc 

2. Find the H P' the m“as» of thf e nf L and 
S &gZ FfnFVnitS: frLtlonal resis’taoce being 10 lbs wt per ton. 

• hf isto'oTorip-airopfoT/?S roo" tlio ’’fitiSf b‘-;g at^fe-Tt' 

per ton! If the epe^^d be 30 miles per hour, hnd the aeeelerat.on. 

s An ocean steamer does n knots when the engines Indicate 
N H P -Fi^d in tons, the resistance of the steamer m her passage through 
water. (I knot-6086 feet per hour). 

^ What is the horse-power of an engine which can 10,000 

lbs orwa^^r ^er ml;.u?e -iff a velocity of 80 feet per second. 20 per cent, 
of the whole work done being wasted by friction ? 

6 A railway siding is level for the first 50 yds .and then rises at a 
1 nf i A watzon weiKhing 10 tons is shunted on to the siding — ‘th 

what is its magnitude ? , a > 

How far up the incline will the wagon travel before coming to rest ? 

91. Energy. The energy of a body is its capacity for 
doing work and is of two kinds, Kinetic and Potential. 

09 Tk* Kinetic Energy 0/ a 6 odw is the energy which it 
•possesses by virtue of its motion, and is measured by the amoimt of 
^rk that ?he body can perform against the impressed forces before 

its velocity is destroyed. ^ 

If a particle is moving with a constant velocity v, and no 

force acts^ on it, it will continue moving uniformly in a straight 
line But if a constant force P poundals acts m a direction 
opposite to that of its motion, the motion of the particle is 
g?idua!ly slowed down and afeer some time the particle comes 
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to rest. The force produces an acceleration ■— /, given by 
Vsitnf, where m is the mass of the moving particle. 

If X is distance moved by the particle before coming to 
rest, we have 

0=tJ*— 2/* 

or fx = 

Tx=tnfx=^mv* ft. poundals. 

Hence the kinetic energy of the partiole=work done by 
it before it comes to rest. 

93. Relation between the Kinetic Enerigy and Uie work 
done. In a uniformly accelerated motion, if the initial and 
tae final velocities are u and v and $ is the space described by 
the body, we have 

i)*=u*-f2/s. 

But Pasm/. 

Hence the work done by the particle in changing its speed 
from u to V 

= p5=nj/s 
= m^(tJ*— «*) 

= Jmu* 

Mschange in K.£. 

Therefore 

8 

=* change in K.E. per unit of space. 

Hence force may also be defined aa Oie space ratfi of change 
0 ^ Kinetic Energy. 

94. The Potential Energy of a body ia the work can do 
by mcana of its position in passing from its present configura^ 
iion to aome standard configuration {uaually called its zero 
positon). 

A body raised to a height above the surface of the earth 
had potential energy. Water stored up in a reservoir, when 
let out through a fountain rises up in the air. A piece of stone 
ns it falls from n height to the earth’s surface can do work. 
The surface of the earth is usually taken as a standard confi-* 
gruation, when the P.E. of a body is 7.pro. 
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9S. To show that the sum of the kinetic and potential ener- 
gies of a particle of mass m is constant throughout the motion 
when a falls from rest at a height h above the ground. 


AH=^ 

Let V be the velocity when it has fallen a 
distance HP 

Its K.E. at P = iwiu* 

■=.\m.2gx-^mgx 

Its P.E. at P=Tho work its weight can do 

as it falls through the dis- 
tance PA 

=^mg^h. — 'mg{h — x) 

/. K.E, +'P.E.=7nya;+m<7(A— «) A 

=.mgh. Fig, 51 

^ « 

When the particle is at H, its K.E. is zero there, and its 

P.E. is rngh. As it falls down its kinetic energy increases and 

the potential energy decreases, so much so that at the point 

A, the K.E. becomes mgh, and P.E. becomes zero. 


H 

P 


96- Law of CoDservatioD of Mechanical Energy. When 
a particle of mass m ascends a height h, the work done by 
gravity is — mgh and when it comes back to the surface of the 
earth the work done is -\-mgh. Thus the total work done in 
the two cases is zero. Such is not the case with all forces. 
If a body is dragged through a distance s against a constant 
frictional force F, the work done is ¥s. To bring the body 
back to its former position on the same path an equal amount 
of work Fs is to be done. Thus the total work is 2F« and not 
zero. Only when the total work done by a force during its dis- 
placements till it returns to its original position, is zero, the sujti 
of the kinetic and potential energies remains constant. In other 
cas^B energy is always converted to various forms e.g., heat, 
light and sound. 

In its most general form, the principle of conservation of 
energy says : 

The total amount of energy in the universe is constant ; energy 
cannot be created or destroyed although it may be converted into 
various forms. 

Ex. 1. A bullet of mass 2 ounces, is fired into a target 
with a velocity of 1280 feet per second.' The mass of the 
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target is 10 lbs. and it is free to move ; find the loss of K.E. by 
the impact in foot pounds. 

^ . -i- of energy. 

2 8 


■K.E. of the bullet* 


Using the law of conservation of momentum to calculate 
the velocity of the target and the shot after hit, we get 

J_ 1280 { 10+ -i-) t>, where v is the velocity of the 

target and the shot. 



1280 

Vs — -■ tt.feeo, 

a 1 


4. 


K.E. 


• • 


1 * I 

Loss of K.E.=.^ ( 1280 )* [l- -gi] units of K.E. 

1280 xl280^ 

“ 10x81x32 

^ I *3160 ^ ft. lbs. 

A hammer, of mass M lbs. falls from a height A 
feet upon the top of a pile, of mass m lbs. and drives it into the 
irround a distance a feet ; find the resUtance of the ground, it 
being assumed to bo constant, and the pile bemg supposed 

inelastic. 

Find also the time during which the pile is in motion and 
Ibo K.E. lost at the impact. 

Let li be the velocity of the hammer on hitting the pH®* 
BO that u^ = 2gh — (U 

Let V be the velocity of the hammer and pile immediately 
after the impact. By the principle of conservation of momen- 
tum, 


(M-r 


.t 


'>V 


'it 


...( 2 ) 
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If P be the resistance of the ground in poundal.H, llie foroo 
to resist the driving of the pile into the ground 

= P — (]M + m)j7 

The Principle of Conservation of Energy gives 
i(M-{-m)v2«=[P — (M + m)^]. a 


V 


P = (M + ?n -P ( 

= (^‘ + ’")^+ M + ™ 2S- 

=(M+».)s,+ 

, Ma 

A weight of slightly more than 


using (2) 

using (1) 
h 


a 


lbs. [)laucd 

on the pile would thus slowly overcome the resistance and just 
drive the pile down. 

The Principle of Momentum gives the time < during which 
the pile is in motion. For 

[P — (M + m)?] X ^=changc in the momentum 


or 




t= 


M* 


u 


=Mu 


M+m 2a 
M+tn 2a M + w 

• 17 


M 


M 


V 


gh • 


The K.E. lost at the impact 
= — i(M + wi)v* 

M* 

= iMu*-i 


M + tti 


U‘ 


= i 


Mm 


M+m 

m 

M + m 
m 


u 


\y 


M-pra 

pile. 


. iMu» 

X energy of the hammer on striking the 
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^ A belt of leather is moving horizontally at 12 fW 
eec A slab of iron weighing 10 lbs. is gently laid on the belt, 
the coefficient of friction between the belt and iron being 

Calcidate^e^^e taken for the slab to acquire the velocity of 

the belt ; . ^ i 

(6) the dUtance through which the belt has been moved 

relative to the slab ; 

(cl the total amount of extra energy supplied by the 
prime mover driving the belt. What happens to this energy ( 

The frictional force which accelerates the slab 

=0-3 X 10 = 3 lb. wt. 

• The acceleration of the slab 

3x32^10x/ 

or / = V ft./sec-. 

I’ime taken by the slab, stanin ' with zero velocity to 

acquire a velocity of 12 ft./sec.. snbjec: t» the above aecelera- 

tion. is given by v = u + ^l 

12=0+-V/ 


or 


1 2 X Ti 

During this time the ilistancc movc*ci by the belt 

12x0 


•1 


= 1 5 ft . 


The distance tu*»ve<l by the slab i'' 

.V = ( -f- i // - 

= o+.\: V- r.: 

= 7^ ft. 

The distam e moved bv the belt relative t - th. sinb 

— ft. 

Kxtra energy supplied 

= HI 

— i. 10 X 144 energy iniit> 

5x 144 
32 


_ =22^ ft. Ih. 
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Examples Xl 

l- Find the average force which will bring to rest, in 2 feet, an 
ounce bullet, moving at the rate of 1500 itjsec. How long will it 
take to bring it to rest ? 

2. A stone, moving with a velocity of 15 ft. /sec., would just 
break through a pane of glass and come to rest. If the same stone 
be allowed to strike the pane with a velocity of 17 ft. /sec. what will be 

its velocity after passing through ? 


3. A shot of mass 28 lbs. is fired from a gun of mass one ton, 
which recoils up a smooth inclined plane, rising to a height of 5 feet ; 
find the initial velocity of the projectile. 

4. An engine pumps water from a well to the ground level 
which is 44 feet above the mean level of the water surface. If 2 cubic 
feet of water is raised per second, and two-thirds of the work of the 
engine is used in liftihg the water, what is the horse-power developed by 
the engine ? 

5. A pile driver of mass 2 cwt. falls from a vertical distance of 

16 feet and strikes a pile of mass 10 cwt. which it drives a distance 

of 3 inches into the ground. Assuming that after the blow the pile 

driver and the pile meve together, calculate the resistance, supposed 
to be uniform, which the ground offers in tons weight, 

6. A block of mass 16 lb. is moving on a smooth horizontal 

tabic with a velocity of 10 feet per second. A force of 3 lb. wt. is 

applied in a direction opposite to its motion and acts until the block 
has reversed its direct on and is moving with a velocity of 2 ft. /sec. 
Find the time for which the force acts and the distance of the block 
from its starting point after this time. 

7. A ball wei' hing 4 oz. and moving at the rate of 2d feet per 
second is struck by a bat and rebounds with a velocity of 44 feet per 
second. Find in foot-lbs. the work done on the ball, and in Ibs-wt. the 
average pressure on the bat, assuming the bat and the ball to be in 
contact for O'l sec. 


8. A shell of mass M is moving with a velocity « in the line AB. 
An iDtcmal explosion which generates an energy E breaks it into two 
masses wi| and 7/13 which move in the line AB. Show that their velocities 


are u-i- 


and u-J 

V m,M \ 


2n>|E 


9. A shell moving at 60 ft. /sec. bursts mto parts of masses 36 lbs. 
and 6 lbs. If the larger piece continues moving in the original direction 
at “5 ft ./sec., what is the velocity ard direction of the other piece? 
Calculate the K.E. of the shell before and after explosion. 
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irv A_ 5nM-«tic oile of weicht w U driven iato the ground by * 

necessary if the weight of the striker is doabled ? 

It A bullet of mass i lb. is fired horizontaUy from agua of ma^ 

thJ mu'z?e If the^ image r^oils 6 inches, calculate the mean 
frictional force excrtc'd by the erround. 


CHAPTER VIII 

projectu.es 

97. In tbc previous chapters we considered motion in 
straight lines, where the acceleration acted along the line of 
motion of the particle. We now pa.ss on to the case when 
the acceleration no longer acts in the direction of motion of 
the j)articlc. The path which the particle describes is a 
certain curve, and is no longer a straight line. A particle is 
projected into the air in any direction inclined to the vertical 
and with any velocity. Wc neglect the resistance of air and 
consider the motion to be in vacuo, so that, there is no other 
force cxcej)t the weight of the projectile acting on it during 
the motion. Moreover, the j)rojectile is alway.s within such a 
distance of the earth’s surface, that the acceleration due to 
gravity may be (jonsidered to remain sensibly constant. This 
treatment is far divorced from reality and is of little practical 
value, but it is considerably simple. 

98. Definitions- The angle that tbc direction of projec- 
tion of a ])rojectilc makes with the horizontal plane throngli 
the |)oint of projection is called the attgle of projection. 

The ))ath described by a projectile is called its trajectory. 

The distance between the point of projection and the 
point at which the projectile strikes a given piano through 
the point of projection is called its raiuje on that plane. 

The time taken by the projectile to return to the 
horizontal piano through the point of projection is called the 
time of flight. 

99. According to the first law of motion, if a particle 
be projected in vacuo or into the air, it should move in a 
straight line. But exiHjricnce shows that the particle describee 
a curved path. Newton explained this departure from a 
straight path by bringing into the field his hypothesis of 
gravitation ; that the earth exerts on the particle an attractive 
force, which interfering with the motion of the particle in a 
straight line causes it to describe the curved path. 
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The hypothesis of gravitation, though quite simple in its 
nature and application, raises certain questions of a more 
fundamental nature. ft was questioned by the German 
philosopher and physicist. Krnst Alach and has been challenged 
by Albert Einstein oven in our days. 

too. A body 78 thrown with a given velocity n. in any given 
direction. 7'o construct geomyfrirally its position at. any given 
instajit of the motion. 

Let AP bo the direction of projection. On AP out off 
ai = distance which would be traverseil in time L if the 
velocity w'ere uniform and equal to u. 

Draw Al> vertically downwards and make A.D^^gt^ = 

distance which would be traversed in time t by .1 bodyfalling 

freely from rest under gravity. 

Complete the parallelfigrain 

ABt'l). TIkmi represents the 

actual ])osition of the body at time 

i. I’his construction may he used 

to find the position of the body 

at every second of it.s motion. 

The curve obtained on joining thes«* : 

points gives the path of the body. 

In the above treatment we have 

used the law of Physical Inde- 

% 

penilenoe of Force.s (Art.ii."*). 

^ Fig. 52 

To prove that, let u.s suppose ibat an imaginary particle 
ofc<pinl muss, but ivithont u't'ight. .starts from A at the saiue 
instant and with the same yeloeity. Then, by Aiewton's 
Firat law', this imaginar\- particle will travid along the line Al^ 
with uniform velocity u and after a time t will reach the 
point B, such that A P» = nt. 

H\it the differfiice bidweeri the motion of tins imaginary ' 
particle and the projectile is due solely' to the fact that tlie 
latter is being acted upon by a force mg acting vertically 
dow’nwards. Hence, relative* to the imaginary particle th *> 
projectile is falling freel\' under gravity. 

Hence after a time t the projectile will be at a distance 
I gt.^ below the imaginary particle. But the imaginary particle 
is at B. and BC = AD= \ gt*. Hence by the law of parallelogrutu 
of velocities the projectile Ls at C. 
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101. Let a heavy particle be projected from P, with 
au initial velocity u making an angle a with the horizontal 
plane, tf we suppose the motion to be in vacuo, the only 
force acting on the particle is ita weight acting vertically 
downwards. By the Principle of Physical Independence of 
Forces (Art. 65) the weight of the body produces its effect 
solely in the vertical direction, and has no effect in the 
horizontal direction. The horizontal component of velocity 
of the particle, therefore, remains constant throughout its 
motion, and is equal to u cos a- 

The vertical component of the initial velocity is u sin a, 
and the acceleration in the vertical direction upwards is -{?. 

102. To find the velocity and direction of motion after a 
givan time has elapsed. 

Let V be the velocity, and Q the angle which the direction 
of motion at the end of time t makes with the horizontal. 


Then, v cos 0 = horizontal velocity at the end of time t 

= u cos a. 

Also, V sin 0=the vertical velocity at the end of time t 

= u sin a — gt. 

Hence, by squaring and adding 

— sin 

and. by division 

u sin a^gt 


tan $ = 


u co.s a 



Fig. 5) 


103. To find the velocity and direction of motion at a 
given height h. 

Let V be the magnitude, and Q the inclination to the 
horizon, of the velocity of the particle at a given height h. 
Then , v cos 0 = u cos a 

and, V sin s\n^a^2gh 

Squaring and adding, 

y* = m2 _ 2gh 

and. by division 


tan 9 = 


v/ u* sin* a — 2gh 
u cos a 


f 


dynamics 


Hence the velocity of the particle at a given height h 
is the same as that of a similar particle projected verticaUy 
upwards with an initial velocity equal to the initial velocity 
of projection of a projectile. 

104. To find <Ae greatest height attained. 

The projectile continues its upward motion until ilie 
verlical velocity becomes /ero. Therefore, if H be the grealeet 
height attained, 

0 = «* sin* a — 


It* 

0A* 



tt* sin* a 


105. To find the time to th*- highest point. 

At the highest point the vertical component of the velocity 
«)fllio particle is zero, 

Tlierefore if T be the time the highest point, 


0=1* sin a — j/T 


usina 
3 * 

106. To find the time of Jlight. 

Let i be the time of flight of the projectile, so that when 
the particle is again on the horizontal plane through the point 
of projection, the vertical distance traversed by it in time t is 
xeTc>. 

Os=.M sin a /— y g/” 

„ . 2u sin a 

Hence i = 0 or /= - 

y 

The first solution refers to the instant of projection. 

• The time of flight=^^“ - 

Also, the lime of flight =twice the time to the highest point. 
Hence, the time from the point of projection to the highest 
point is the same as the time from the highest point back 
to the horizontal plane through the point of projection. 

107. To find the range on the JiorizontaJ plane. 
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During the motion the horizontal velocity remains contant 
and is equal to u cos a. 

R-=horizoDtal distance described in time t, 

(< being the time of flight) 

2 sin a cos a sin 2 a 

K = u cos a. /= - — • ^ 

The value of 11 remains unchanged when a iis repbeed by 


a. Hence fv^r a given velocity of j)rojection there are two 

directions of projection for which the range on the horizontal 
plane through the point of projection is same. 

.^gain, for a given value of u, the horizontal jange i* 
maximum, if, sin 2 a is maximum. The maximum value of 
sin 2 a is D Therefore 2 a = 00° and a =45°. 

The above two direction.s of projection, a and a 

arc cqvially inclined to the horizontal and vertical respectively 

and are therefore equally inclined lc» the directit)n of maxiinom 
rang<‘, which makes an angle 45° witli the horizontal. 

u* 

R (max) = — . 


108. The path of projectile in vacuo is a parabola. 

Ist Method. Let u be the initial velocity and a the angle 
of projection, P the point of projection, A the highest pojtn, 
PP' the horizontal range and AM the perpendicular on PP'. 


Then, by Art. 104, 



tt* sin^ a 




and PM = the horizontal distance «Jcscnbed iti 


tiuie 


u sm 


= horizontal veloeitj’ x lime 


u* sin a cos a 



<J 
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iLet Q be the position of the pro- 
ject le at any time i, and let QL and 
QN bo the perpendiculars on PP' and 
AM respectively. 

Then QL=vertical distance des- 
cribed in time t 

sin a t — | fjt^ (3) 

and PL-sw cos a t. (4) 

I'Vom (1) and (3), 

AN = AM - NM = AM - QL 



a® sin® a 


- 2\ fj I 


— (w sin a.t— 


From (2) and; (4). 

u* sin o cos a 

QN = PM — PL= - — Mcosaf 


QN 


/ a sin a \ 
— « cos a I - - I 

V <j f 

/ M sin o \* 

= cos'at — t 1 

V J? / 


= H- COS® a 


2 a- cos® a 


{/ 


2AN 

9 

. AN 


= 4 AS. AN. where we bake AS= 


tt® cos* a 


2g 


Hut this is the fimdamental property of parabola. 

Hence Q lies on a parabola whose axis is the vertical line 
AM, whose vertex is A, and whose latus rectum 


=r4.AiS = 


2 «* c(38® a 
9 
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Cor. I. The Ueij^ht of focus S ahf)vc the horizoatal line 
through P=SM. 


SM = AM-AS 
u® sin’ a 


u* eorf^ a 




cos 2 <r 


Hence, if a be less than 4.">°. this distance is negative and 

the focus of the path is then situated below the horizontal line 
through the point of projection. 


Cor- U- The height of directrix XK above the h'on/.oiital 
throuiih P==AIVI + AX = AM+AS 

sin^ a cos* a li* 

'2g 2g ~ 2g ' 

Also the focal distance of the {)oint of projection 




=a/ 


V* sin* 2 a - 





or usintr the property of parabola, 

SP=distance of P from the directrix 



4 


Cor- HI. H follows from Cor. 2, that '( a parti.-le lx-» 
projected from P witli a given velocity m, inclined to tho 
verti< al, the focus of the parabolic path of the projectile lies oii 


a circle, whose centre 


is P and radius 



and the directrix iw a 

% 


horizontal tangent to this circle. Hence the trajectories having Uic 
same point of projection and the same initial velocity have a com-- 
mort directrix. 
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2iid Method. Keferred to P 
origiD, PP' ae the X-axis and 
a line through P perpendicular 
to PP' as the Y-axis, tlic co- 
ordinates of Q, after a time t' 
has elapsed, are 

u cos a. / Mi 


From (1), 



/= 


(3) 


ti COR a 

y lilting this value .>t / ju i]i(. relation (i'; we get 
,, n. sin a. .r . 

y — ~ ty. 

u cos a - ^ ,f 2 ^ 

— .<• t a n a — ^ 

L’ //* eos* a 




riuK iK tlic c«juati<in «'l the ]*ai|i of the jiartielc and '-an )>e 
|»rnved to he a parabola. 


Kijualion (4) j-an l»e reuritten .as 

- > 1 ^ ''in a cos a 
a 


'2 a2 „ 


G- 


// = - 


.r 




A*lding 


n* sin^ a cos^ a 


ym to botl» '•ides of (.a) in ord«T to 

■njikt ilif K. >1. S, (,1 tl,c e.juation a perfect s^juare, we get 


2 a 


i *> • 

/ SI 

1 L' 


Sin- a 
•> . 


\ / 8in a C 08 a\^ 

^ — ) 

(«) 

2 

TiansforiMiiig the oriL'-n «>1' c -oidinnte« to f'— ® 

V Q 


COB a 


siir a 


2g / 


t 

}, that is. jiuttin 


I r 


.r = X -f 


Mil a c os a 
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y=Y + 

in equation (6), wo get 


w* sin* a 


2 ? 



2?/- cos- a 
Q 



« 


= — 4nY, where a~ 


u- cos* a] 
~2ff 


(7) is the equation of a parabola, with concavit^r 
The co-ordinates of its vertex A are 

( ji^in a cos a sin* a\ 

" 9 ' ~ 2 ? ) 


and its tatus rectum is 


'2u* cos* a 



downwardft,. 



Ex* !• Two seconds after its orojection a proiectiJe ut 
travelling in a direction inclined at 30® to the horizon • after 
one more second it is travelling horizontally. Determine the 
magnitude and direction of its initial velocity. 

Let u be the velocity- of projection at an angle « to the hori 
zon. By Art. 102, 


tan 0=s 


u sin a — gt 
u cos a 


After two seconds, 

u COS a 


• • 


Again after three seconds, 

u sin a — 3g 
u cos o 


tan O' 


9 


1 

or « co»as=i|8tnoi— 


i.e. u sin a — 3g =^0 
whence u sin a ^ 3^ 

Substituting in (1), we get 
u cos y3 


(2) 

( 5 ) 
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:8quaring (3) and adding it to the square of (4), 
i»® ^cos* a + sin* a) = 9{?*+ 3^* 

u* = 12 g* 

or it =2g \/.J. 

■u sin a , 
tan a — - — t 

u cos a 

a ==60°. 

R* 2. Determine the least velocity with which a ball 
l>e thrown to reach the top of a cliff 128 ft. high and 128 \^3 ft. 
away from the i>oint of projection. 

Suppose « to be the initial velocity and a the direction of 
pn^jectinn. By Art. 108 (ll) the equation of the path i.s 


yssx tan a - 


y -t* 


•r 


2u* cos* a 

PuMingy-128 and .r = ]2S v 3, we get 

32 X 128* X 3 

128 = 128 ^ 3 . tana a u> cos» 

^ 16 X 12 8 X 3 

** OO.S a [sin a . ^3 — cos a 

H}xl 2 ax 3 _ 16 X 128 x 3 .. 

2 cos a sin (a — 30 ) sin ( 2 c*. — 30 ) — sin 30 

a* IS least, when the dcnuniinator of ( 1 ) is maximum, i.c., 
sin ( 2 a — 30 ) = 1 

2 a— 30°=00° 
fl = 60°. 


16 X 128 X 3 

(U®) least = “■ 

X rt 

(U) least =64 y3ft.,'soc. 

Ex. 3- Supposing a gun elevated at 90° can send a shot 
to a height h feet, to ke». p in tlie air T seconds, prove that at 
an angle of elevation a the range on a horizontal plane will be 
3 A sin 2 a, with a lime of flight T sin a seconds ; and the 
greatest height, attained will be /i. sin* a. 


PROJECTILES 

The velocity with which the gun can fire a projectile 




ni 


^ = ( 1 ) 

T 

Also 0= u T—g 


or 








By Art. 107, the range on tho horizontal plane, when the 
projectile is fired with an initial velocity u at an angle a to ihe 
horizon, is 


u* sin 2a 2 gh sin 2 a . , . ^ 

— = — = 2 * sjn 2 a. 

0 <J 

. xu c n- vx Horizontal rang© 

Again the time of flight = — : r-rTs ^ — i — •. 

® ® Hon/on tal Comp, of velocity 


2 % sin2a 4 i sin a 

u cos a y h 


= 2. sin a 
= T sin a 



9 


(ircatcst height attaiDed= 


ti* sin* a 
2 g 

h sin* a. 


2 g h sin* a 


Examples XII 

1. Show that, for a body projected at an ansle of JO"* to the Jiori- 
zoB, the range is the same as for a body projected at an angle of 60° 
witii the same velocity. Compare the greatest height attained in th<- 
two cases. 

2. Slow that when a particle comes back to the horizontal plan/, 
from which it was projected, its horizontal velocity remains unclxangod, 
bat its vertical velocity is revcfsed. 

3. A particle is projected from the top of a tower in a horizontal 
direction with a velocity of o it per sec. and takes two seconds to fall to 
tile ground. Find where it strikes the ground aad where it was at the 
end of the first second. 

4. . Find the velocity and the direction of projection of a shot which 
passes in a horizontal diruction just over the tup of a wall which is 5U yds. 
eO nod 75 feet high. 
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5. Two particles arc projected in directions inclined at 30® and 60® 
to the horiaon ; if they reach the same height, show that their vdocitiei 
of projection are in the ratio y'3 : 1 . 

6. A stone is thrown horizontally, with a velocity ^2gh, from the 
top of a tower of height h. Find where it will strike the level ground 
through the foot of the tower. What will be its strikiog velocity ? 

7. Find the angle of projection when the range is equal to the dis- 
tance through which the particle would have to fall io order to acquire a 
velocity equal to its velocity of projection. 

8. A ball is thrown from a point 7 feet above level ground. It runs 
to a maximum height of 16 feet above the ground and strikes it at a 
horizontsU distance of t05 feet from the point of projection. Find the 
velocity with which the ball is thrown and the angle at which it is thrown. 

9. If two bodies, projected at the same instant from different points 
in the same horizontal plane, be at any moment at the same height 
above the plane, show that their heiglits are the same at any subsequent 

time. 

10. A cricket ball thrown from a height of 6 ft. at an angle of 30° with 
the horizon with a speed of 60 ft. /sec., is caught by another fieldsman 
at a height of 2 feet from the ground. How far apart were the two 
men ? 

1 1 . The greatest height to which a man can throw a stone is h. What 
is the greatest distance to which he can throw it, and in that case how 
long is it in the air ? 

12. Smooth heavy particles are let fall simultaneously down the 
chords*of a vertical circle from its highest point. Show that they all 
reach the circumference again at the same instant, and that their subse- 
quent parabolic paths have the same directrix. [For the first part see 

Art. 43.] 

13. An airman flying horizontally at 120 m.p.h , at a height of 1600 
feet wants to drop a bomb to hit a target on the ground. How far away 
from the target is the point vertically below (him on the ground at the 
instant when he drops the bomb ? 


109. Velocity at any point of the trajectory is equal to that 
d^<c io a free fall from the directrix. 

In the figure of Art 108. if v m tbe velocity at Q, we have 
bv Art 103, 

a 

2 ( 7 ^ where AssQL 

A! 0 oXM= ^ ; (Art. 108. Cor. XI) 

Depth of Q below tbe directrix = XN= — /*• 
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Therefore the velocity acquired by a particle after falling 
from rent a distance XN is 

V>=2, ( J - 0 

=.u* — 2g1i. 

v=V, 

110- Range on an inclined plane- 
of projection, ol the angle of projection and PQ an inclined 
plane making an angle /9 with the horizontal. If the projectile 
strikes the inclined plane at Q, PQ is the range on the inclined 
plane. Draw QN perpendicular to the horizontal plane through P. 


( 1 ) 


1st Method. The initial component 
of the velocity perpendicular to PQ is 

sin (a — /3), and the acceleration in the T 

sanie direction is cos /3. If T is the uj ^ 

time which the particle takes in going 

from P to Q. then during this time the 

space described in a direction perpemli* ^ 

cular to PQ is zero. 5 ^ 

Hence 0 — u sin(a— )9). 

T-^9Cos;0. T* 

2 u 8 in (a-j 8 ) /jj 

g cos j 8 

During this time the horizontal velocity of the projectile 
remains unchanged and is equal to u cos a. 

PN = ucosa. T 

PN 2u* cos o sin ( g— /3) 

^^^COBj8“ cob* ^ 

2nd Method. We proceed to find out the horizontal and 
vertical distances travelled by the projectile. 

PN = u COB a t 

QN = u sin a. / — J g(^ 


ON «m a.t — I yt^ , 

Now tan = =tan a — 

PJow tan r>- 4.^8 OL i 


*lu cos a 
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2 li coa a 
PN u cos tz. f 


2 w din (ot — 


(tan a-tau^)= — ^ 


and 


PQ = 


PX 


2u^ cos a aiQ (a — /3) 
g cos* /5 


cos ^ 

3rd Method. With i* as origin, PX as X-axis and Ph aa 
Y-asis the eciuation of the path is 

, n. ;r* 


t/=a* tai? t o o « 

2?<- cos- a 


( 2 ) 


i 


If PQ = r, the co-ordinates of W arc (r co» /y, r sin ^). 
stitutinp the co-ordinates of Q in (1) and after a little simpliBoa- 

tion we get. ... • / 

eo3 a BUI (a — /y) 

/ ' cos* ^ 

m. Maximum Range. To jin^ dira^tion of projection 
rdiich fjive.^ the maximum rany> on an inclin-rd plane, and to show 
Ikai for any given range thert arc two dirextiemH of progectxon, 
which are equally inclined to the direction for maximum ranye. 

From the prccedini: article t)ie range 

cos .7 sin (« - /3) _ «» S Ja - /3) - sin ft ' 

a cos* B( ’ 


7 c.os- B 




"Sow i( .<ud B aic "iven ; hence the range if- maximum wlmn 
n (2a — /?! is trreatc'Ht, >n- whvn 2o— /?=— . 

In this « jc-»- a -fiz^ ~ - a i.‘\, the .ingles TP^ and Ll’T 
:■ re cijual. 

Ucnoe the* dim li.Mi t'lT niuximuu: rang*- hbects the ans/l** 
1 ‘tween the vertical and the inclined plane. 

Also the maxirmia; rinuc 

7 cos‘ /3 (l-i-hn^l 

Vgaiu, the range with .ui angle of olovation otj is, h> (») the 
• ime as that with, elevation a. if 
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if 

r • 

or ’ 


or 


sin (2a| — /?)=sin (2a-r/8) 

2a| — /? = TT — {2Bt — jS) 

-y +^-a 





* 


I 

% 



l\ut + -^ia the elevation which givea the greatest range. 


Uecico for any given range on an inclined plane there are 
two angles of projection, the two corresponding directions of ‘ 
projection being equally inclined to that for the maximum range 
on the plane. 


Ex. 1, A particle is projected with a velocity of G4 ft. per 
second at an elevation of 6(r (i) up (ti) down an inclined plane 

of inclination 30® to the horizon, and passing through the point 

of projection ; find in each case the range on the plane aiul the 
time of flight. 


(i) By Art. 110, 

2 (64)* cos 60’ sin (60’ 
Uange- 32 x''cob* 30 ® 


— 30®) 


2x04x64x4 256 fig ^ ft 

" 32x3x4 ~ 3 “ 3 

Again, by Art. 110, ( 1st method (i) J. 

2 X 64 sin (60® - 30®) 
limc= -aixcosDo 


3 


seconds. 


(»*) When the particle is projected down Uie plane, wo 
replace in Art. 110 by { — (i), and get 

. 2 X ( 64 )* cos GO® sin ( 60 "' -f 30 ®) 

lVaop,-= - - 32 '™ 3 . 30 - ' 

^4X04X4 2 

3 X 2 3 


i 


I 
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2yf64^ Bin (60*+30®) 8 

And Time*= 32l<coa30^^ ^3 


seconds. 


^ oVrXe'^ whr^toatiott tt 

"t' / TSol thaUt will Bt^ke the plane at right anglee. 
if cot j8— 2 tan (a - ^). 

S ™.l.dr.S.:" .b. pi™- 

tZ components of acceleration along and perpendicular 

the particle 

2 vein (ct — ff) 

reaches the plane again is ^ cob ]6 * 

»t1hat iStant paffi to the inclined plane must be zero. 

Hence u cob {a—P)—9 sin P T=0, 

« cos (a - /3)_ 2^nJ^^) 

( eot /3*2 tan <a-^). 

F., 1 The aoRular elevation of an enemy’s position on a 

hill ib^eet^hig^: r^Bhow that, in order to shell it, the uut.al 
velocity of the projectile must not he less than^___ . 

Snnnose the projectile is projected with a velocity « making 
an anglerwith the horizontal plane. The velocity ot^ro^oUon 
•11 iMflf if the range on the plane joining the point of pr 
JeTon ind ihe fner^fposition ^rres^mnding to « is max.mum. 

UBing Art 110, we have 

2u* CO f a si n (a - P) 
htoeec p = g Vos*p 

gh cos^ P c oBec p 

“ sin (2a-;S)— sin p' 
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11 / 


,, is least when sin (2a- p) is greatest’ <•«.. 2a-P^ 


-y/ gh{l + s^aiP)eosec 


w ___ 

= y ~ah (l+cos^P)‘ 

^ I *• <a in which a projectile reaches & 
E,. 4. X the time trom P tm it strikes the 

point P of its path, an ^ projection, show that the 

horizonUl plane through the point ^ ^ p 

height of P above the plane is^g 
Let n be the 

jection making an angle a with 

horizontal plane. , ut fx v) 

Referred to O as ong.n let (x y^ 

be the eo-ordmates of P ^ 

»^=“c?se ‘ , 12 ) 

t/ = « Sm a. l-!J Knri 

Now OA = Range on the hori 

zontal plane 

w* sin 2a 

■ * 

y 

u* sin 2o 

AM= 

Since the projectile takes (' time in moving from P to A, 
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•M A 


M* si n 2a _ 

u cos a. = ^ 


y 


From (1) and (3), 


^ u* sin 2a 
ucosa(t+0“ 


or 


V 


2 sin a 


Substituting the value of w in (2), we get 


y= „4:r^ (*+0 sin a. <-- 5 -** 


* § 9 M'. 


2 sin a 


(3) 


„ ( 4 ) 
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Examples XID 

incli^tjon Q to the horizootal is monoted od a 
honzontal rail. If the shot leaves the gun 
i*. show how to recoiJing along the rail with velocity 

nrojection Bv hnvo ^ honzontal plane through the point of 

1000 ft./sec. and « = lOft 7sJ^. 0L?5"®r shortened by the recoil, if r= 

per soco^^^'tiII ^ fire-hose nozzle with a speed of 120 feet 

feet verticahv anH *? through a window which is distant 35 
the incliwfon of^fh from the nozzle What must be 

to be rising, (2) to famig."^ reaches the window is (1) 

ly underlhe^Trion^of*!.® ^°T° ^ straight tube and then falls free- 

path passes thron^h • prove that the directrix of its parabolic 

Pttcu passes through the upper end of the tube. 

ing unif JrmlyTAhJrate of 4? a railway carriage which is mov- 

B with veloritv^M^at from a point on an inclined plane of angle 

5me ^he Hne oTfh^^ 

T^articlo ^ pl^ioe so as to be always vertically under the 

tfiat the'oa^h^'vfnV*^ projected ho^i^onta^ly irom the top of a tow#.T. Show 

' 

the vlone^ velocity of a bullet be 2000 feet per second, find 

6 frrt ahnv >i ^ should be aimed, if the bullet is to hit a mark 

6 frrt above tl.e muzzle at a range of 500 yds. 

on projected with an initial velocity w. has a range /I 

H <- in h/. plane, show the time of flight T, and the greatest height 

be obtained from the equation 

y2r« — 47**i*+4A'* -Oand 16 yWS — Su*// -J-g^a^O. 

-imrt two poles of heights A and // feet at a distance d tt. 

iv 4.^ P®*°^ °° *1*® ground must a stone be projected if it 

thr -^ rnn.?” p°*^ reach tlie top of 

lilt second and higher pole ? 

<»wi ® point in a given inclined plane two bodies are projected 

velocity in the same vertical plane at right angles to 
^ another ; show that the difiercnce of their ranges is cons- 


.i 


■ 1 A particle, projected with a \ ftocity u. strike-s at right angles 
pKine through the point of projection inclined at an /? to the horiaon. 
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Show that the hetght o. the point sttuch above the hoeitontat pUne 

sin* p ^ ^tjat the time of 

3 Ifisinzjg 


through the point oi projection is 

2 u 


flight 


IS 


and the range on a horuontal plane through 

3yi>3^in2^ 
the point of projection is 

uasin2)8 l + sin*/? 


Q 


14-3sin- /3 


12. A particle is iprojected ^^istance 2o1rom Sch 


oi passing between the walls is >j 


u 

angles to its iormer direction after a time ^ - 


ratio 


1 +sin^ 
1— sin a 


i— w V\ 

15. A stone isproiect^d an angR- 
oi a plane of "*°,:_c^ c«atest elope th^^^ 

tliO ol ^above the horizon of the point of the pat 

m^js^distant from the inclined plane is Q, then 

2 tan A=tan a l-tan fi. 


CHAPTER IX 


IMPACT OF ELASTIC BODIES 

112. Elasticity. Take a piece of steel wire and tie one 
end of it to the ceiling and suspend a small weight from 
the other end. The wire stretches in length a little, but 
as soon as the weight is removed it contracts to its original 
length. The deformation produced in the length of the wire 
is temporary’ and the wire regains its original length due to 
a certain property of the material, called the Elasticity. 

Again, take a number of similar spherical balls, say of 
iron, wood, glass, ivory etc., and drop them on a marble 
floor from the sutne height. While approaching the floor, 
all the bulls strike it with the same velocit3', but it is found 
that the balls rise to different heights after the impact. 

Again, the same ball of iron rises to different heights 
after striking a floor of marble and a floor of wood, although 
it was dropped from the same height. 

The reason is precisely* as follows ; the impulsive action 
between the ball and the floor during the short period for 
which the impact lasts, produced a momentarj' compression 
of their surfaces of contact but immediately* afterwards, the 
internal forces come into plaj' within each body, as a re- 
sult of which the ball and the floor regain their original 
shape. These forces produce an upward momentum in the 
ball causing it to move upward.^, and being of different magni- 
tude in different materials the ball rises to different heichts. 

Definition. The property of material bodies hy virtue of 
which they can be compressed and after compression they 
recover or tend to recover their original shape i.s called 
Elasticity. 

113. Direct and Oblique Impact. When two bodies col- 
lide with each other, they are said to impinge on one another. 
The phenomena of colliding Ls called an impact. 
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, All impact between two bodies is said to be 

direction of motion of each, just before impact, is along the 
c-)nimon normal at the point of contact. 

Two bodies are said to impinge obliquely, when the ve o- 

city of at least one of them is not along the common normal 

at the point of contact. 

The direction of the common normal is called the oi 

impact. In the case of two spheres the line jommff their 

trc8 is the oomnion nonnal- 

114. Laws of Impact. We enunciate below the laws 
wlien the impact is direct. 

1 The Law of Conservation of Momentum- Let us sup- 
pose that two spheres have masses mi 

velocities u, and respectively along the ‘Let 

After iraoact the velocities become Vi and v^, respectivelj . Let 

fhe tim™ of Lpact be ( and let the force with wluch m, cats on 
tneumeoiiiiip The impulse of the force is equal 

roth^change in momentum of the body on which the force 

acts. We have 

Now from Newtons Third Law of Action and Reactmn.it follows 
' that the force with which m, acts on w, during the impact is 
1 — Wc have, therefore. 


From these two equations 

we have 

w,u j -r iri..U2~ 



» 

lUno' the ««,« of momnia of the hmlU» almuj ll.e nor mal 
remains unaltered by impact between them. 

2. Newton’s Experimentol law. Newton found by es- 
[leriments that when two bodies collide directly, their relative 
velocity after impact is in a eon-stant ratio to their re a ivo 


I 
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\eUK-it) before imijuet, the liilter being reckoned in the same 
direction as the former. This constant does not depend on the 

masses of the impinging bodies but depends only on the ma- 

t^ial of the bodies. It is denoted by e and is called the co- 
efficient (or modulus) of restitution. Hence 

r, -t',= — 

This result is sometimes expressed in another form, that is. 
the velocity of separation = - e (velocity of approach), 

yS. Value of e. ilore careful experiments have revealed 
that .Newton’s law is only approximately true. For large velo- 
cities of approach the value of e decreases as the velocity of ^ 
approach increases. The effect is more noticeable for large 
velocities of apjiroach ; e has different values for different pairs 
ol substances. The maximum and minimum values for e are 
1 and 0 resiiectively. Bodies for which e = 1 are called perfecllu 

HoMxc hodie.'i, and the bodies for which 6*0 are called perfectly 
inelastic bodies. 


Ex. 1. A Bjihere impinges directly on an equal sphere at 
rest. 11 the co-efficient of restitution be e., show that their 

velocitie.s after the impact are as 1 — 6 r 1 -i-e. 

Let Kj and be the velocities of the impinging ball before 
and alter the impact ; let f, be the velocity which is imparted 
to the second hall as result of impact, then, bv the Law of ^ 

Conservation of Momentum. 


or 

Again, — 
'Cparstioii. 


nn\ 

f appioael») = The 


veloc‘it\ 


\ 



I Jiff »T t 

:\ ml 




, = », (I 
r.= w, ( J+6) 


1+^ 


r, : ra:;l— .... 

116 Direct Impact of two smooth solid spheres. A 
Miionth sphere, nt mass /«,. jmpinges directly with velocity a. 
‘.n another smooth sphere, of mass m,. moving in the slml 

' irtction lyth VC ocity i/,. If the co-efficient of restitution be 

to fin<l th**ir velocity after the impact. 
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L*ttJ, and Vg be the veloeities of the two spheres af^r the 




impact* 

By Newton’s experimental law, 
we have 

= — e(w, — Ug) ...(1) 

By the Law of Conservation of 
Momentum, we have 

■ miVi + m2Vg = miUi^mgU2 ...( 2 ) 

Multiply (1) by mg and add to (2) 

Again multiplying (1) by m, and 
subtracting from ( 2 ) we have 

(m| + m2)t’2=mi(l+c)«j + (7/j2 — cmi)ug 

'^ese two equations give the velocities after the impact 
Also the impulse of the blow on the ball w, * 

= the change produced in its momentum. 



2 /, 


Pig- 59 






Cor. li we jiut and c = l, we have 

Vi = Ug and 

[Hence if ttco equal perfeclhj elastic balls impinqe dirr-ah, 
the ytnlcrchange the.tr velocities. ^ 


d ft / ^ ” pounds moving with velocity 

4 ft./sec. overtakes a hall of mass 10 pounds, moving with 
velocity 2 ft./scc. in the same direction. i;fe=5 firfd the 
^locitiesof the balls after the impact. Calculate also the 
impulse of the blow on the two spheres separately. 

Suppose their velocities after impact are t-, and t-. Bv 
Newton’s Law, we have, * • 


By the Law of Conservation of Momentum, 
8 X 4+ 10 X 2=8i;, + lOuj 

(1) beoximcs V| — — 1 

(2) becomes 4rj + orj = 26 
Hence, t;,=23 ft./sec. ; ^^=3^ ft./eec. 
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^ow the impulse of blow on the S-pound sphere 

=^GhaDge of momentum in the 8 -pound sphere 
5=8 ( 4 - 2 |) units of momentum 
= 13 1 units of momentum. 

The impulse of the blow on the 10 Ib.-sphere wiU also be 
ISy units of momentum, but in the opposite direction. 

Ex. 2- Three perfectly elastic balls of masses m, 2m 
and 3 m are placed in a straight line. 

impinges on the third. Find the velocity of the third baU 
after impact. 

If the masses of the second and third balls are m, ^ 
show that the third ball will move after impact with velocity 
u, if^ (m + wi) (mi +ms) = 4mm|. 

( 1 ) Let u and v be the velocities of the first ball before ^d 
after the impact. Let t-, be the velocity of the second bal 
after it has collided with the first ball. 

B 3 ' the Law of Conservation of Momentum, 
mu=mt;+2mt*i 

or 'u=v-\-2vi 

Again, 

The velocity of separation=-exThe velocity of approajm, 

...(3) 


...( 1 ) 

..( 2 ) 


t’ — If. = — 1 / 


Hence Vj = §«. 

Now. let t’a be the velocity of the second ball aftjr ^ 
impact with the third ; and also let v* be the velocity 01 the 
third ball after the impact, then 


’2m. |u = 2 m t’j-h 3 T 7 i V| 
iM = 2c,-|-3r3 


or = •••(4) 

And r, — 1 - 3 = — s m • ■ 

From (4) and (5) 

(2) With the same meaning for a, »|, c* and Cj ; but 
taking the masses of the second and third balls as m| and m*. 

we get 

w— Vi = — u •••(^) 

fn,V| = mi?>* + m5Vj 
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Vg-V3=— V, 

From (6) and (7), we get, 

2mu 

r,= 

«l + W| 

Prom (8) and (9). we get, 

2miV| 

From (10) and (11), we have, 

4fnmi, u 

^ _ _ _ • 

* {m + ml){m^ + m^y 

If v^^u, we get, (m + 7n|)(7n, + m3)=4mW|. 


...(9) 

-.( 10 ) 

Ul) 


Ex. 3. A particle falls from a height h, upon a fixed 
horizontal plane ; if c be the coefficient of restitution, show 
that the whole distance described by the particle before it 


has finished rebounding is 


1+c* 

1-e* 


h. 


and the time that elapses is 


Vf [}--■ 1 

Let V be the velocity of the particle when it first hits the 
plane, so that u^=2gh. 

The particle then rebounds with a velocity eu. The 
velocity, when it again hits the plane is €u and the velocity 
after the second rebound is e^. 


Similarly the velocity after the third, fourth, rebounds 



The height to which the particle ascends after the first, 

second, third, rebounds are 3 * , 

^ 2g 2g 2g * 

e*h, e^k, 


Hence the whole space described 

=A + 2(e*/t+e*fi + e®A+ ad inf.) 

= * + 2*1^ 
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The times of ascending after the impacts ard the times 

in which the velocities eu, c*w, are destroyed by gravity. 

eht ehi 

rtehce these times are — , — • — ■ 

<7 ‘7 y 





Hence the whole time during 


» 

which the particle is in 


motion 


_ — + ad inf.] 

= t/f- [ = [I- 

In theory we have an infinite number of rebounds taking 
pl;ue in a finite time ; in practice after a few rebounds the 
velocity of the ball becomes destroyed. 

117- Action between two elastic bodies during their 
Collision- When two elastic bodies collide, the action between 
them during their collision may be divided into parts : force 
of compression and the force of restitution. In the case of two 
railway carriages as soon as the carriages collide the buffers 
{tre compres'^cd and then they expand and after some time 
regain their original uncompressed lengths. 

Similarly, if an elastic ball, covered with fine coloured 
powder, is dropped on a ground fioor, wo fimi that the powder 
Lj removed from a circular area of the surface of the ball. Thkn 
shows that the contact between the ball and the ground does ^ 
not take place at a single point, but over a certain area and 

this is possible only when the ball is compressed at the point of 
contact. Hence in the earlier stage.-* the ball is compressed. 
Hut soon after it rebounds and moves upwards. This shows 

that during the latter stages the ball expands and recovers its 

original shape. 

The peric'd of impa< t can thus bo divided into two parts : 
the period of compression and the |)€i iod of re-vSlitution. Dur^ 
the perh'd uf compression the forces of compression are acting 
tui the colliding bodies and during the period of restitution the 

forces of restitution come into play, which help the body to 
n^gain its origin?! shafv. 
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lyUiS;. “■■ 

the force at each instant must be same ® 

op^site in direction for each bod^ he^re T 

rollon"" ■'' o-ppo™^:'^ 

Let I denote'The t3"!mpnlse o.f X^'bodnnrfet'*"*^'??”? 
be the impulses of compression and restitution ■■' 

Then 

I=Ic + I.. 


From Art. llo. 


lint ifc = 0 

Therefore ruittin./ e=0, we gel 

r — ?/*) 


Wj+m, 


mi + m^ 

Hence Ir— 

m,+W; 

Tiierefore, I,— clg 

$ 

here is a loss of kinetic energy and to find thf amount. 

Let m^ and be masses of the spheres Let « « * 

jb. Vr be then- volooities before and after the impact 

^ I 
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Xiet e be the coefficient of restitution. 

In the case of direct impact 

m,t7i + mjWt = ffiitti + 

To the aquare*of (1) add the square of (2) multiplied by 
= (^i“» + + c*m,m2(u j — Uj)* 

=(m,U|+m2U2)*-f* miTnj(u,— u,)* — (1 — e*)mit»2(«i— “*/ 

=(mi + — { 1 — e*)f»|mj(U| — Uj)* 

Dividing throughout by 2(m, -h m*) 

= J mi«,2+A mjV- (“i— “i)* *“(3) 

Final K.E. -Initial K.E. = -i^— 

2 


Hence the loss of E1.E. is 

1 — c* m |Wa 




f/ij+ma 

When the balls are perfectly elastic, € = 1 , and there is no 

loss of K.E. 


Examples XIV 


1. A heavy elastic ball drops from the ceiling of a room and 
alter rebounding twice from the floor reaches a height equal to one 
half that of the ceiling. Kind the coefficient of restitution. 

2. A sphere of 2 pounds moving with a velocity of 4 ft |sec. 
impinges directly on another sphere of mass 4 lbs. at rest. If the first 
sphere comes to rest after impact, find the coefficient of restitution and 
the amount of K.E. lost by the impact. 

'. A truck weighing 10 tons runs at 6 miles per hour into a 
stationary truck weighing 15 tons. The impact brings the first truck 
to rest. Fjnd the loss of K.E. m the impact between the trucks 


1 - balls of masses 30 gms . 20gms.. and 7 gms respectively 

he m a straight Une on a smooth horizontal table. The two smadler balls 
are initially at rest. The first ball impinges directly on the second. 



IMPACT 


12 > 


which thereafter strikes the third ball, which moves off with a velocity 
equal to the initial velocity of the first ball. Find the coefficient of 
restitution between the balls. 

5. The masses of three spheres A, B, C, are 7m. 7m, m. their 

coefficient of restitution is unity, their centres are in a straight line and 

^ lies between A and B. Initially A and B are at rest and C is given 
a velocity along the line of centres towards A. Show that it strikes A 
twice and B once and that the final velocities of A, B, C are oroDortional 
< 021 , 12 . 1 . 

Three' smooth spheres whose masses are 5,3 and a lbs. are 
placed in order in a straight line The 5-lb sphere is projected with 
a velocity of 10 It /sec. towards the 3*lb. sphere. Show that there 
will be three impacts and find the subsequent velocities of the spheres 
if the coefficient of elasticity is *8. 

7. Three small equal spheres are projected simultaneously from 
the corners of an equilateral triangle with equal velocities towards the 
centre of the circumscribed circle of the triangle, and meet near the 
centre. Prove that they return to the comers with velocities diminished 
in the ratio e : 1. 


8. Two railway carriages B and C of m lbs. and m' pounds stand 
•on the same line of perfectly smooth rails separated by a short distance ; 
a third carriage A of m lbs. impinges on B and then consequently B 
impinges on C ; prove that A will impinge a second time on B if m' is 


greater than 


j, where e is the coefficient 


of restitution. 


[Solulxon. Let « be the velocity with which A impinges on B. 
and let v and v| be the velocities of A and B after the impact. Then, by 
the law of Conservation of momentum, 

mv+mv| = m*/ 

or t;+t-l=u ...(1) 

By Newton’s law 


t/(l-)-e) u(l— c) 

= and ^ 


Now B impinges on C with a velocity f| 
velocities of B and C after the impact, wc have, 

and — et'j 

Multiplying (5) by m \ and adding to (4), wo have 


...( 2 ) 

...(3) 

if and t>) are the 


...(4) 

..(5) 






m—em ' u(l +r) 
m + m' 2 

Ndw A and B impinge again, if 

«/(l — — em ' u(l+e) 

'2 ^tn + m* 2 




( 6 ) 
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or 

or 


(m+m^) {1— /■) ^ (m — tm') (l+«?) 

2em T 

OBUQUE IMPACT 


120. In Art. 113 we distinguished between a direct and 
an oblique impact. Two bodies are said to impinge obliquely, 
when the velocity of at least one of them is not along the 
common normal at the point of contact. 


121. Laws of oblique impact. In Art. 114 we enunciated 
the laws for direct impact. The laws of oblique impact may 
be stated in a slightly modified form. 

1. The law of conservation of momentum. In this 
case it is important to note that the components of the 
velocities of the colliding bodies perpendicular to the common 
normal do not suffer any change after the impact, the reason 
being that the spheres are jjerfectly smooth and the forces 
during impact are wholly along the common normal. 

Again, the only force acting on the bodies is the impulse 
of the blow along the common normal, so that the total 
momentum in that direction is conserved and is unaltered by 
impact. This will be explained further when we study the 
oblique impact of two sphere.«>. 

Hence the sum of momenta of the two bodies along the 
normal remains unaltered by impact between them. 

2. Newton’s experimental law. When two bodies 
impinge obliquely their relative velocity resolved along their 
common normal after impact bears a constant ratio to their 
relative velocity before impact resolved in the opposite direction. 
The constant ratio is called the coeflScient of restitution. 


122. Oblique impact of a perfectly smooth sphere on 
perfectly smooth fixed plane. Let AB ty 

he a perfectly smooth plane. Let « and 

r be tlic velocities of a smooth sphere 

before and after the impact respectively, / \ 

making angles a and ft with the line CD "~T ^ j 

perfienclicular to the phine. V / 


Colliding bodies being perfectly 
smooth, there is no force of friction 


FiL^ 60 
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between the sphere and the plane. Henoe 
sphere along the plane remains iinaitered. 

u sin <z=v sin 

By Newton’s experimental law 


the velocity of the 



V cos =eM cos «» 

Eliminating ^ between (I) and (2), we get 

t; =« v'^vSin^a+e^ cos^a) 

Dividing (1) by (2) 


...( 2 ) 

-(3) 


tan /9=: — tan a 


...(4) 

If we know u and « and c, then using (3) and (4) v and /3 
can be determined. 


The impulse of the force of impact on the plane is equal 
and opposite to the impulse of the force of impact on the 
sphere, and is therefore measured by the change in the 
raomonlurn of the sphere perpendicular to the plane. 

Hence the impulse of the blow.;=wi« cos 

=»«(!+«)« cos rt [using (2)] 
Cor- 1. If the impact be direct. a=sO 


From (1) /? = 0 and from (2) v = ci/. 

Hence tlie direction of motion of a sphere, which impinges 
directly on a smooth plane, is reversed and its velocity is 
reduced in the ratio 1 : e. 


Cor. 2- tfe=l t.e., the balls are perfectly elastic 

<x — /3 and t>«M. 

Hence when the piano is perfectly clastic the angle of reflexion 
is equal to the angle of incidence, and the velooity is unaltered 
in magnitude. 

Cor. 3. Ife = 0, then from (2) (i—~ 
and v = K sin tr. 

Hence a sphere after impact with an inelastic plane slides 
alorig the plane with its velocity parallel to piano unaltered. 
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Ex. 1. An imperfectly elastic particle is proiected from a 
point in a horizontal plane with a velocity u at an elevation a, 
[f e be the coefficient of restitution, show that it ceases to 

rebound from the plane at the end of time . 



Let the particle be projected from A, Suppose it strikes 
the plane at B. The particle describes a parabola in time 

^ (By Art. 106) ...(1) 


9 

Due to oblique impact at B, wo have 

V cos (3=u cos a 

V sin /3=seu sin a 

eu sin a 


...( 2 ) 

...(3) 


v= 


sin 


...(4) 


(l + e + e*+e3-f... . oo) 


The time for describing the second parabola is 

2v sin B 2u sin a 

= = . e 

9 9 

Since the particle rebounds from the plane an indefinite 
number of times, the required time 

_ 2 x 1 sin a 
“ 9~ 

2u sin a 

“sTa-c)- 

Ex. 2. A smooth circular table is surmounted b\' a 
smooth nm whose interior surface is vertical. Show that a 
bal . vWiose coefficient of restitution is c, projecte l along the 
table from a p omt in the rim in a direction making an angle 

'~^V^' lTe-f eS ’ with the radii^ through the point, will 


tan 
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return to the point of projection after two impacts on the 
rim. Prove that when the ball returns to the point of 

s 

projection its velocity is to the original velocity as c- : 1. 

Let the ball be projected from 
A, a point on the rim, making an angle 
os with the radius OA. It strikes the 
rim at B and after the impact at B, it 
moves with a velocity v. making an 
angle /5 with OB. It, then, strikes 
the rim once again at C, and on reflec- 
tion from C moves straight to the 
point of projection with a velocity t», 
making an angle y with OC, 


At B, wo have 

u sin a— sin (i 
eu cos a = v oos ^ 

tan 3= “—tana —-(I) 

At C, we have 

V sin /3=V| sin y 
e« cos /? = cos 

tan y=-i- tan Q •••(2) 

e 

Now in the /\ABC, 

2(« + ^ + y) = T 

or (^+T) 

tan a = tan tan (^+y) 

1 — tan tan j 
” tan /? tan y 



A 

Pig. 62 



134 


BYiVASflCS 


or 

«* “ tan* a 

tan a = “:: ^ 

or 

e(e + 1) tan a 

tan a— t / 

y l-f-e-f-e"' 

Again, 

r,*=t4 (8in*)9+e* cos*yJ) 

and 

«»=t7a (sin»y9+i cos^yS) 


sin* /?+€« COS^ yg _ tan*/3 + e 2 


i 

Bin* /3-^- -- cos* /S 


tan* /3-i--~ 

e* 




tan* a 


— he* 

® + _ «’ (! +cH-c* + e“) 

l + tan/o^ ^7 (H-c + e' + e>) 

«' ^ l + e + «^ 


i- = e3 


= e 


123. Oblique impact of two perfectly smooth spheres. 

V Let two spheres of masses 

777 , mi and m, impinge oblique* 

\ rrj p ^y- Let AB be their line 

\ centres and also the 

V a\ \ common normal at C. Let 

■ + J “a be their velocities 

V \ yA ^ before impact making angles 

® ftud p with the common 
Y normal. Let r, and r, be 

their velocities after the 
\ impact, making angles S 

Fig, 63 and 0 with the common 

normal. 


Given m„ m„ u,. a and p, to Hnd r,, Q, and 
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Since tlie spheres are perfectly smooth, the components 
of velocities perpendicular to AB remain unchanged. 

-u, sin a = V| sin 0 ...(1) 

and Wg sin /3 = V 2 ^ •••(2) 


Also by Newton’s law 

Vj COB 0 — V 2 cos >f> = — e (M| cos a — Wj cos /?) ...(3) 

Again, by the law of conservation of momentum we have 
WiV| cos cos <^ = miU, cos a + wi,Uj cos /3...(4) 

Multiplying (3) by and adding the product to (4), we 
have • 


(m, - «m,) M, cos a + mg ( 1 +e) cos /S 

Again multiplying (3) by mi and subtracting the 
from (4), we get 

m, (1 + e) «i cos a - (emi — mg) Wg cos ^ 

t>, oo 3 4>= m.+mr ■ 



product 



By squaring (1) and (5) and adding we get v,* and by 
division we have tan 0. 


Similarly, by squaring (2) and (0) and adding we get 
t’g* and by division we have tan 

The impulse of the blow on the first balls: the change 
produced in its momentum ^ m* (ui cos a-t?, cos 0) 

_ (i-i-e) («i cos a— Ug cos /3). 

m,-h»W8 

The impulse of the blow on the other ball is equal and 
opposite to this. 

Cor. 1. If ttg=0, we have from (2) ^=0 and hence the 
sphere m* moves along the line of centres. 

Cor. 2. Ii'm, = mg, and c = l, we have 

f, cos 0 = cos /3, and v, cos 4>=^t cos a 

Hence if two equal perfectly elastic spheres impinge they 
interchange their velocities in the direction of the lino of tiieir 
centres. 
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124. Loss of K.E. The expression for the loss of K E. 
due to oblique impact of two spheres may be deduced after 
the manner of Art. 119. 

With the same meaning for mj, i/|, Vj, v^, a. 0, j8, 
as in Art. 123, we get on substituting in (3) of Art. 119, 

t'j cos Q for f’l 
Vg cos ^ for r, 
i/j cos a for W| 

and w, cos /3 for Uj, the equation 

h cos® Q-f- \ mjfj® c ->sr <f) ■=. h /WiM/ coi® ct I- ^ cos® /3 

V" ‘ * (?/■ cos u — w, cos /3)* ...tl) 

2 + ^ * 

Also since 

i/i sin a = f, sin 0 and 7/j sin ft ^ Vj sin <f>, 

we have 

f sin® 0 4* sin® ^ = 1 /rt.Mi® sin® a-j-^ sin^ (i 

■ ' “ ..(2) 

Adding (1) and (2) we get 


h h i 2 


or 


The K E. after impact 


j 1 - e* 

r/<, 4- 

(w, cos a ^ Mj cos fi)^ 


X.' I c X. 1 e® /5\* 

= K.L. before impact . - — ~ x(i/, c.'ts a — u^ cos /3)* 

nen<’c wc sec that in any imj>nct, unless 1. some.^K.E. is 
lost. In fact, thi'j energy is transformed intt* other forms 
iif energy and chiclly appears in the form of heat and sound. 

Cor. Suppose, as in the case of n nail hit by a hammer 
the object struc k was at rest. 

Tutting Ma=9, the energy transformed 
— i _i_ ' (I — fc") iii* cos® a. 

If the hammer strikes the nail on the head in the direction of 
the common normal, wc get on making a=rO, 
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Loss ofK.E.^i-^^ 

Mechapica l energy lost by the blow 
Mechanical energy before the blow 


( 








nii + m 


2 


(1-e*) 


This latter expression is made smaller if the ratio of m| 
to 7712 made bigger ; the bigger the mass of the hammer 
compared to the mass of the nail, the smaller is the loss 
of mechanical energy at the impact. 


Ex. 1. A smooth elastic ball impings on another at 
rest. Prove that the balls will move at right angles to one 
another if the coefficient of elasticity is equal to the ratio 
of the masses. 


Let the ball whose 
mass is be at rest 

initially. Let another ball 
of mass mi strike it with 
a velocity Uj making an 
angle a with the line of 
centres. Let the velocities 
of the two balls after the 
impact be and v, as 
marked in the flgure 
making angles 0 and </• 
with AB, such that 







Since the velocities perpendicular to AB remain unaltered, 
we have 


V, sin 0 = «| sin a ...(2) 

Vj sin <f>ssO ...(3) 

^=0 and 0 = ^ 
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t.e., the second ball of mass moves 
incident ball moves perpendicular to AB 
Equation (2) becomes 

t>| sin a 

By the experimental law of Newton 

V 2 =— e(0 — u, cos a) 

Ql* 009 01 


along AB, and the 
after the impact. 

...(4) 

...(5) 


By the law of conservation of momentum 


m|«i cos 

fn, V: eui cos a 

mj“ui cos W| cos 



Ex 2 Two balls whose masses are m and m' impinge and 
their dbectiona of motion after impact are perpendicular to 
their directions before impact ; if a, a be the angles which their 
directions before impact make with the line joining their centres, 
prove that the coefficient of restitution is 

m sin” sin* g 

m cos* a' + m' cos* a* 


Let u and u' be the 
velocities before impact 
making angles a and a' w'ith 
the line of centres. Let v, 
v' bo the velocities after 

ir 

impact making angles-^ -a, 
— with the lino of 

2 

centres. 



Then 

« sin a = v cos a ...{!) 

u' sin (x' = v' cos a' ...(2) 

Also by Newton's law, 

(_y cos a — t' sin a') = COS o— (“U' cos o')]. 

V sin tt + v' sin a' = <’(u cos a-|-w' cos a') 


or 


...(3) 
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By the law of conservation of momentum, 
mu cos a — m'u' cos a' =.m*v' sin a —mv sin a •••(■f) 


Substituting the values of v' and v from (1) and (2) in (4), 
we have, 


[ 


mu cos a + 


sin* a 
cos a 


1 , , r sm* a 

= m u cos a 4-- / 

J L cos a j 


or 


mtt m'u' 


cos a cos a 


From (3) 


e= 


V sin a + v' sin a' 
u cos a + u' cos a' 

u sin* a u' sin* a! 
cos a cos a' 
u cos o-f-u' cos a' 


T> t • / I- cos a ^ 

Replacing u by ^ from (5), we get 

u sin* a mu sin* a' 

_ cos a m' cos g 

~ . mu cos* a' 

u cos a-\ ; 

m cos a 



4 


m' sin* a. + m sin* a' 
m* cos* a+m cos* a'* 

Examples XV 


1. A sphere A of elasticity e impioges with 20 y2 ft./sec. on an 

equal sphere B at rest, the line of impact making an angle of 45'^ with the 
direction of motion of A ; find the velocity of B after the impact. 


2. A sphere A impinges on a sphere B of equal mass ; their 
velocities before impact are at right angles and equally inclined to the 


line of impact, and are equal in magnitude ; show that when 
velocities after impact are inclined at an angle 60”. 


e — . their 


3. A particle of elasticity e is projected with velocity u at an angle 
a to the horizon and after striking a fixed vertical wall at a horizontal 
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distance h ft. returns to the point of prejection ; prove that 

Ml+e)“2u*6, sin a coscc. 

4. A particle of elasticity e is projected from a point half way between 
two fixed parallel vertical walls 2a ft. apart, in a given direction, and 
after two rebounds comes back to the point of projection; find the 
velocity of projection, 

[Hint : — Let the angle of projection with the horizon be a. then the 

time of flight from the horizontal motion is — — — ~ ■ + 

u cos a ~ e« cos a 

. 2u sin a / „ 

IS ■ ' — Therefore 


eiu cos a 


and from the vertical motion the time 
2 


r 


IH +• 




sin 2a ^ 

5. A ball impinges on another ball of same mass moving with the 
same speed in a direction perpendicular to its own, the line joining the 
centres of the balls at the instant of impact being perpendicular to the 
direction of motion of the second ball. If e be the coefficirnt of resti- 
tution, show that the direction of motion of the second ball la turned 

through an angle tan"> 


m 


6. A perfectly elastic ball is projected on a smooth rectangular 
billiard table in a direction parallel to one of its diagonals ; find the con- 
dition that after impact on each of the four sides the ball will return to 
the point of projection. 

7. A smooth small sphere of elasticity e slides down a smooth inclin- 
ed plane of height h and inclination and impinging on a smooth hori- 
zontal plane at the foot of the first describes a parabola ; find the rage on 
the horizontal plane. 

8- An elastic ball, of small radius, sliding along a smooth horizontal 
plane with a velocity of 16 ft./sec. impinges on a smooth horizontal rail 
at right angles to its direction of motion: if the height of the rail above the 
plane be one half the radius of the ball, show that the latus rectum of the 
parabola subsequently described is one foot in length. 

9. A ball falling vertically strikes with velocity u a smooth plane 

inclined at an angle of 30*. If the coefficient of restitution be show 

* 

that the range of the first bounce Is — . 

^9 

10. Two elastic spheres, equal in all respects, are moving towards 
each other with equal velocities, their centres being on two parallel lines 
whose distance apart is diidi < J) which is the diameter of either sphere. 
Prove that after impact they will move away from each other with equal 
velocities, so that their centres are on two parallel lines whose distance 
apart ds is given by the equation 


»• 
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MOTtON ALONG A CURVED PATH 


125. When a particle moves in such a manner that its 
path obtained by joining its positions at different instants is 
a curved line, it is said to move along a curved path. 


Explanation. In choosing our laws of motion we have 
accepted the dictum : Nature acta in the simplest way. This 
simplicity postulate has always been the guiding principle of 
all researchers in different departments of knowledge. Accord* 
ingly, the state of rest or of uniform motion in a straight line 
is looked upon as an ideal state, in which all the forces acting 
on the particle are in equilibrium. Any deviation from the 
ideal state can bo explained by introducing the doctrine of 
unbalanced forces. Thus, in the case of accelerated rectilinear 
motion, a force is supposed to be acting in the direction of 
motion producing acceleration in its direction. The motion along 
a curved path can also be explained on this hypothesis. In this 
case, the forces arc acting in the moat general manner and if 
we keep ourselves confined to coplanar motions, the forces at 
any instant can be resolved along two perpendicular directions. 
There are three modes of describing these forces. 

(i) The forces are resolved along the axes of co-ordinates, 
namely, OX and OY. 


(«) The forces are resolved along the tangent and the nor- 
mal at any point of the curved path. 

(»*») They are resolved along OP (the radius vector) and 
along a line perpendicular to OP at the point P. These forces 
are the measures of accelerations which a particle may have 
in these directions, and account for its motion along a curved 
path. 
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126. Velocity along a curved path. If P be the 

position of a particle at any instant of its motion on a 
\ curved path, and if s be the length of the arc in the 
direction of motion in the small time t following the 
\ instant under consideration, then the ultimate value 

I ’ as the time t is taken smaller and smaller, is 

n the measure of the velocity of the moving point at the 
I instant under consideration. 

/O The velocity at P is entirely in the direction of the 

tangent at P. The velocity of the particle P in the 
h ig, 66 direction of the normal at P is zero. 


127. Angular velocity. The angular velocity of a particle 
moving in a plane, about a given point \ 

in that plane is the rate of change of \Q 

the angle which the line joining the 

fixed point to the moving point makes y' \ 

with a fixed straight lino in the plane I 

of motion. 

If P and Q are two positions of a y' f 

moving particle, then the ultimate / 

cx 

value of , fZ_QOP=©i, and \ii 0 ^ 

the time of motion from P ty Q], when Fig, 67 

is taken smaller and smaller, is the measure of the angular 
velocity of P about theorigin. 


If the angular velocity be uniform the particle is displaced 
through equal angles in equal times, and the angle turned 
through in a given time is called the angular displacement of 
the particle about the fixed point. 

The angular velocity is denoted by the Greek letter 
(omega), and it represents the angle in radians which a particle 
turns through in one second. The angle described in t seconds, 
IS equal to <«/ radians. 


CIRCULAR MOTION 


143 


128. Particle moving on a circular path. Let O 

centre of the circular path, w be the 

angular velocity of the particle about 
O, and be the angle turn> 

ed through in time t. 

Then 

6=^iot 

Aleo e= AP- ^ 

radius OA r 

[vie the tangential velocity of the 
particle]. 


be the 



Fjg 


68 


• A 


or 






vt 

r 

V 


K ‘ 






-1 


^ .Co 


jf 


c> 



K 




*0 

Xe 1 


} I 

A 


129. Normal and Tangential 
acceleration*. Let A be the 
position of the particle at any ins- 
tant, and P its position at the end 
of an indefinitely small interval of 
time /. 

The acceleration along 
AO=Rate of change of velo- 
city in the direction 

Fig.69 

(Resolved part of the velocity at P along AO) 
_ ( Resolve d part of th e velocity at A along AO) 

Time from A to P 

e= V sin 0—0 


V ^ 


t 


ve 

i 


■ Vfo 

V* 

r 


• • 


— 


[when Q is small, sin Q^O] 
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The acceleration along AK=:Rate of change of velocity 

along AK. 


(Resolved part of the velocity at P along AK) — 

(Resolved part of velocity at A along AK) 

Time from A to P 


V cos 0 — v 
t 


[when $ is small, cos 0»1] 



There is no acceleration along the tangent. 


Ex- 1- If a particle P is moving along a circle with a 
constant speed v, find its angular velocity about any point A 
on the circle. 



Let O bo the centre .'of the circular 
path, which the particle P is <lescribing. 
If AP makes an angle with OA, then 
AP -*= 2r cos <f). 

The particle P has a velocity v in 
the direction of the tangent at P. Its 
component in a direction perpendicular to 
AP is V cos 4i. 


V cos ^ 

the angular velocity of P about A= 


e cos 4* *•’ 

^ 2r cos ^ “ 2r 

Ex- 2. A wheel rolls uniformly on the ground, without 
Blkling, its centre describing a straight line ; find the velocities 
of different iwints of Its rim. 
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« h ^ centre and r the radius of the wheel, and let 

V be the velocity with which the centre advances. Let A be thfl 
point of the wheel in contact witli 
the ground at any instant. 

Now the wheel turns uniform- 
ly round its centre whilstthe centre 
moves forward in a straight line ; 
also, since each point of the wheel 
in succession touches the ground, it 
follows that any point of the wheel 
describes the perimeter of the wheel 
relative to the centre, whilst the 71 

centre moves through a distance equal to the penmihor ; hence 
the velocity of any ,,„,nt of the wheel relative to the centre is 
equal m magnitude to the velocity v of the centre. 

Pf n ^ possesses two velocities each 

n?h^ h? fi """r ‘ V"" PT. at P to the circle, and the 

other III the direction, PM. m which tho centre O is movin-' 

the ofA = e-e=0,andsoA is at relt for 

So the velocity of B = y=?2e;. 

Consider the motion of any other point P. Et has two 
velocities, each equal to y, along PM and FT respectiveir 

OBan76rUio™ri^r<POBL^^^^^^^^ perpendicular to 

Tlie resultant of these two velocities is a vclocitv 
2v co8y along PL, where <LPT= » <A;t*T= ^ = <OP \ 

Hence <APL=<OPT=a right angle. 

1 direction of motion of the point P is pernendi- 

cular to AI , and its angular velocity about A 


2v cos 


£ 

2 


2e cos 


AP 


2r oos 


2 

9 




=tbe angular velocity of the wheel about O. 
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Hence each point of the wheel is turning about the point 
of contact of the wheel with the ground, with a constant angu- 
lar velocity whose measure is the velocity of the centre of the 
wheel divided by the radius of the wheel. 

Ex. 3. An engine is travelling at 60 miles an hour, and 
its wheel is 4 feet in diameter ; find the velocity and direction 
of motion of each of the two points of the wheel which are at a 
height of 3 feet above the ground. 

[Ans. 60 y 3 m.p.h. at ± 30® to the horizon.] 

4* A string has one end attached to the comer of a 
square board, fixed on a smooth horizontal table, and is wound 
round the square carrying a particle at its other end ; the 
particle is projected with velocity t* at right angles to the side 
of the square whose length is a ; if the length of the string be 
4a, find the time that the string takes to unwrap itself from 
the square, assuming that the speed of the particle remains the 
same throughout. 

[Ans. units of time.] 

Ex. 5. The crank of a steam engine is 9 inches and is 
rotating at 360 revolutions per minute. The connecting rod 
is 30 inches long. Find the velocity of the piston when the 
oramk makes an angle 60^ with CD. 

CP represents 
the crank, PD the 
connecting rod, and 
DC the line of 
stroke. The cross- 
tuad D is fixed to 
the piston and will 
therefore huve the 
same motion as the 
piston. 

The velocity of P^ric 

3eo_ 9 
“ 60 ^ 12 

=9w feet per second. 
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Let us give to D and P a velocity equal and opposite to 
that of P. This brings P to rest and D’s resultant motion - will 
be the relative 
velocity of D to P, 
which must be por- 
ndicular to DP. 

V is the velocity 
of D« then the rela- 
tive velocity of D Fig. 73 

is resultant of a velocity 9 along DM and v along DC. This 
resultant is perpendicular to DP. Therefore resolving along 
DP, we get 




r cos cos (30—^) 


v=9tr 


008 30 COS0 +sin 30 sui© 

COS0 


1) TT 
2 ~ 


(V^ + tan 



But, in the ^ PDC 
30 sin 0 = 9 sin (iO. 

or sin 0= 2^30*' 


3/3 

20 


tan 0 = 


3 v^3 
V 373 


Hence 




see 


130. Centripetal and Centrifugal force. If a body is 
moving with constant speed in a circular path, the first law 
tells us that there muslt be a force acting on it. This force 
cannot be acting in the d-rection of motion, otherwise its 
speed could not remain constant. Therefore, we conclude that 
the force must be acting at right angles to the direction of 
motion, that is, along the radius of the circle. This force due 
to Physical Independence of forces does not produce anv 
effect on the magnitude of the speed of the particle in its cir- 
oolar path. , 
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If the body is moving with speed v ft./sec. in a circular 
path of radius OA (=r ft.) and if at any moment it is at A 

and a fraction of second later it is 
at D, it will be seen that if no force 
had been acting the body would have 

travelled along AB from A to C. 

* • 

Therefore, a force must be acting 
from A to O which would move the body 
from C to D in the time taken to travel 
from A to D. In Art. 129 we calculated 

the normal acceleration — or rw^ which 

could only have been caused by a centri 

petal (toward the centre) force ~ 

mrw* acting upon the body. 



mv^ 


In the case of a particle, which is lied to one end of a light 
string and whirled in a circle by holding the other end of the 
string in the band, the necessary centripetal force is Supplied 
by the tension of the string. 


Again, the force may be caused by the pressure of a 
material curve by means of which the body is constrained to 
move in a curve ; for example, a train may be made to describe 
the curved portion of a railway lint* by means of the pressure 
of the rails on the flanges of its wheels. 

The force may also be of the nature of attraction such as 
exists between the sun and earth, and which compels the earth 
to describe a curve about the sun. 


Sometimes the force is provided by the internal stress 
set up in the material of the bod}'. It is well known that by 
rotating bodies at sufticiently largo speeds so great internal 
stresses are set up that the material cannot withstand and the 
body flies to pieces. Many cases have occurred where the engine 
flyw'heels have .suddenly flown to pieces due to governor stick- 
ing, and the speed increasing greatly beyond the normal. 


From the above examples it is clear that there acts upon 
the rotating body a force F directed towards the centre of its 


circular path. 


The magnitude of this force is 


mr* 

— or 

r 
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Hence, we have 

F=mn<;* (1) 

F— »nr«>* = 0 (2) 


This second equation admits of an interesting interpreta- 
tion. It states that the forces F and ( — mrw^) taken together 
form a system of forces in equilibrium. Hence if we impose 
upon the rotating body an imaginary force equal in magnitude 
to mrw^ and acting away from the centre of rotation, we reduce 
the dynamical problem to a statical one. This imaginary force 
is called the centrifugal force. 

It should be understood quite clearly that the particle has 
no wish or tendency to move in the direction AO. If the 
particle were to get lose at any moment during the course of 
motion it would Hy off at tangent to the path. The centripetal 
force simply deflects it from its straight path along AB, 

131. The Conical Pendulum. .4 was.’? of m lbs. is sus- 
pended from a strhig of leyigth I a?id is rotating in a horizontal 
circle of radius r. Find the time of one revolution and also the 
tension in the string. 

Such an arrangement is called a conical pendulum. 

We will treat this problem firstly as dynamical and second- 
ly as statical. 

(1) D.vnamical. 


Let T be the tension in the string, and w the angular 
velocity. 


The resultant force vertically = T cos© — mg 
The resultant force horizontally 


— T sin 0 

The rate of change of momentum verti- 

cally = 0. 

The rate of change of momentum hori- 
zontally (towards 0)—mrw^. 

From the second law of motion, 


T cos B—nig — O (1) 

and Tsin©s=wru;2 (2) 

From (!) and (2) 
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i.e. 




r oot Q 


* , 


— where 4 = 00, 


• • 


w 


-V 


h 


For on© revolution the angl© turned through s2 ^ 

mmm O 

The time for one revolutions — ~ 


w 



From (1) Ts-^- = 
' cos 0 



where OAsI. 


(2) Statical. 


Apply a force mrw* as shouTi in the diagram. We may 
now treat the mass m as in equilibrium under the action of the 
three forces, T, mrw*, and mg. 


Resolving vertically and 
ROntally, we have 

T COB mjf =0 
Tain 0—mrtd^ = O 
From these we get 

T=-^^ 

h 

and ws I 0 

V h 


O 



132. Goveraor of Steam engines. Old steam-engines 
were provided with centrifugal governors to control the speed 

^ndulum constructed on the principle of conical 
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In the Watt governor 
the balls are suspended by 
linlcfl which are pivoted on 
the axis of rotation and as 
they rotate they are sub- 
jected to a downward force 
due to their own weight, 
and the outward centri- 
fugal force. The weight 
remaihs constant, but the 

I W \ 

centrifugal force ^ — rto^ j 

increases as the speed in- 
creases, so that the balls 
rise higher the higher the 
speed. As the balls rise 
higher they cause the sleeve to 



Fig. 77 

rise, which in its turn is con- 


nected by a lever mechanism to a valve. The rise in the sleeve 
partly closes the valve and prevents the speed rising further 


133. Motion of bicycle rider on a circular path 

a man is riding a bicycle on a curved 
path he always inclines his body and 
the machine towards the centre of the 
path. By this means the total reaction 
of the ground (the resultant of fricton 
and the normal reaction) becomes 
inclined to the vertical. The vertical 
component of R balances his weight and 
the weight of the machine, while the 
horizontal component of R supplies the 
necessary centripetal force. 


Vlfn 



Fig. 78 


R cos 0=m r u* 


m V' 


( 1 ) 


R sin g 

tan 0SZ — 

TW 


( 2 ) 

( 3 ) 
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134. Motion of a motor car on a circular path* When 
n car is taking a turn on a perfectly Jlevel road the necessary 

normal acceleration towards the centre of the 
path is supplied by the total reaction (the 
resultant of friction and the normal reaction) of 
the ground. But there is a limit beyond which 
the force of friction cannot increase and so at 
high speeds it may be insufficient to supply the 
necessary amount of centripetal fr^rcc. There are 
two possible ways of avoiding overturning of the 
vehicle at the comer, 

LfCt us imagine that the .speed v will overturn 
tlie vehicle if the driver takes it along the path 
ACB. He can avoid overturning if ho takes the car 

along the path ADB, because the radius of AJ.)B is necessarily 

rger than the radius of ACB. anti he would require less force 
t^owards the centre in the second case, [t is po.s.-ibIe that friction 
between the road and the tyre.>. n.ay be quite .v;ufficient to supply 
the centripetal force required in the second case. But this 
mctiu.d IS not quite safe from the point of view of traffic rules, 
because the driver may be driving on the wrong side. 

Another alternative would bo to bank the road bv elevating 

the outer part of the road over the inner part. By so doing the 

velnclc IS tilted a little towards the centre of the oath. 

% 

In the cabP of a railway train moving on a levol trark the 

centripetal force IB supplied hy the pres.=uri- of ll,e rails on the 

flanges of tlic wheels of the carriage. Tl.ia causes wearing away 

of the j-aiLs, and may bo avoided liy raising .slichtiv the outer 

rail above the inner rail, so that the floor of the train is no 
longer ho'iZf:ntal. 

T ? <=anriage on a curved level track. 

JLiet G be the centre of the carriage, 

turning round a corner of radius r 

with a velocity v. Let P and Q 

be the reactioiH of the ground, and 

F, and Fj the lateral thrusts on the 

flange.s of the wheels. 

Impose a centrifugal force 

rni^ , . .1 

— and the problem becomes one 

Fig. 80 
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of staties. Equating the horizontal and vertical components of 
forces, we get 


P-f-Q =mg 


+ = 


mo* 


( 1 ) 

( 2 ) 


136- Upsetting of a carriage on a curved level track. 


The central force 


my 


necessary to cause the- circular 


motion, should act at G, But in practice it can only act at the 
points of contact with the rails or ground. This fact is 
responsible for the upsetting of the carriage rounding a curve 
at high speed. 

In the figure of the last article, taking mojients about G, 


•we get 


Qa-Pa = (F, + F,,) h 


where 




and h 

is the height of the C. 

G. abov 

Or 

Q P= 

h. 



ra 



Using 

(1) and (2) and (3), we 

get 



"A 

£7 + 

v^h 


2 V 


ra 




vVi 


-2-( 


ra 


(3) 


) 

)■ 

This shows that Q is always positive and increases with v 
and h ; while P decrea.se.s if or h increase and vanishes when 




gra 
~ h 


(4) 


If u* > . P becomes negative and the wheels on the 

inside arc no longer in contact with the ground and the carriage 
begins to tilt. 

Hence for safety the C. G. of the carriage should be as 
near the floor os possible. 
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137. Cant on railway curves. In railway curves the 
outer rail is rnisefl al>»‘Ve the inner rail by a slight amount, 

and by this means for a 
definite speed, all side thrust 
on the flanges may be avoided. 
The amount the outer rail is 
raised above the inner rail is 
called the cant. If the speed 
of the train exceeds that for 
which the cant was calculated 
the outer flange has to trans- 
mit some thrust ; if the speed 
" in less than that for which the 
oant was calculated, the inner flange will bear against the 
rail. 

Let O be the centre of gravity, P and Q the normal 
thrusts on the wheels, a the mean distance between the wheels, 
S the flange thrust, aad v the sjieed in feet per second. 

The acceleration tciward the centre of the curved path 
described by G is - , where R is the radius of the path. 

Impose a centrifugal force — , and the problem beco'ces 
one of statics. 

Resolving all the forces parallel and perpendicular to the 
track, we have 


P 4 .Q — Ml? cos 9 — 


S-|-Mj 7 sin 9 — 


Me* 

R 

Mu» 

R 


sin 0=0 


0030 = 0 


... ( 1 ) 


( 2 ) 


If S is zero, i.s, there is no side thrust on the flanges 


tan0 = 

wliere r, is the 8j>eed for which S is zero. 
Cant =h 

av* 


V, 


Rt? 


( 3 ) 


a sin 0 


Vpi*+RV 
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From (2) and (3) 



Mw* 

R 


cos© — Mtfsind 


=M cos 0 ^ ® } 


=M cos 



Hence if r exceed v„ S is positive and the side thrust is caus^ 
by the outer rail. If v be less than Vp S is negative and the side 
thrust is caused by the inner rail. 


138. Rotating sphere. A hollow smooth sphere is rotat- 
ing with uniform angular velocity <» about a vertical diameter, 
to find the position of relative rest of a particle placed in- 
side it. 


Let P be the position of the 
particle 

OP=o 

ZlPON==0 

PN=a sin 0 

PN is the radius of the circle des- 
cribed by P. 

Let R be the reaction of the 
sphere on the particle. Impose upon 
P a centrifugal force M«*. PN along 
NP. The problem becomes one 
of statics. Hence 



R cos 0—mg 



R sin 0=m«*, a 8in0 



Rsamw^a or sin 0 = 0 


Prom (1) we get 


CO80=- 

aw* 
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If sin (9 = 0, then 0—0 and the particle is at rest at B, the 
lowest point of the sphere. 

If cos 0— -^-r-,the particle is at rest at P. 

au)2 

Since cos 0<1 


9 






a 


Hence, if ^ particle can rest onl}’ at the 

lowest point. 

Ex. 1. A particle of mass w, is fastened by a strinp, of 
lentrtli I, to a point at a distance b above a smooth table; if the 
particle be niiul*.} to revolve on t he table n times per second, 
find the reaction of the table, \\batis the greatest value of 
n, so that the particle may remain in contact with the table ? 



Angular velocity w=:2-n-n 


Let AC=b 
AB = l 

Suppose R is the reaction of 
the table, and T is the tension 
in the string. 

The mass m revolves about 
C in a circle of radius BC. Im- 
pose a centrilugal force m«»*. 
BC and the problem becomes 
statical. 



Resolving horizontally and vortieallj', 
R-h T cos 0 ^ mg 

and Tsin 

=4ir^nVi. I sin $ 
T=:4ir2nW 



« • « 
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From (I) and (2) 

=m. {g — 47r*p*6) poundals ... (3) 

The greatest value of n, for which the particle remains on 
the table is obtained by putting R=0 in (3). We get 


1 


n = 


TT 


\/ 


9 

b 


Elz. 2. A particle, of mass m, on a smooth table is fasten- 
ed to one end of a fine string which passes through a small 
hole in the table and supports at its other end a particle of 
mass 2m, the particle m being held at a distance c from the 
hole. Find the velocity with which m must be projected, so 
that it may describe a circle of radius c. 

AB = c 


Suppose the particle vi is 
made to describe a circular path 
about A as centre and radius c. 

If V is the velocity of the 
particle, the centripetal force 
_ . mv^ - 

on 15 IS . Impose a cen- 


mv 


A L 


8 


£■ 


?LSJ: 
c 


n 


Fig.84 


trifugal force — on B, then we have on considering the 

c 

equilibrium of D and B respectively, 

T =2 ?ng 


and 


T = 


mv 

c 


( 1 ) 

(2) 


mv 


^2mg 


v=y2cg 

139. Hookers Law< If an elastic string whose unstretched 
length is a, is extended by a length I, the tension produced in 
the string is given by 


15« 


DVNA5i*IC3 


T=?y 


Ext ension 
original length 


= A 


where A is a constant, called the 
a 


modulus of elasticity. 

Let » be the velocity of the particle in ita circular path 

Hence the centrifugal force 

the string. 


mv* 


^ must balance the tension of 


a 


ButT =A 


(f— al 




« • 


or 


a 


V 


Ar( r— g ) 
am 


Examples XVI 

I A strinR. 5 Icct long, can just sustain a weight of 30 lbs ; if a maM 
hs bfuedto one end of the stri g and the string be whirled .n a 
Z ^- ontal circle with the other end fived at the centre of the circle, deter- 
the ereatest numner oi comp'ete revolutions that can be made 
J^one minute by the string without breaking. 

7 A bucket of water is swung round in a yerti^ circle of 26 inches 
radius. What is the mininiurn speed of rotation if none of the water 

16 spill<^d ? 
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3. Th6 spind’e EB shown in figure teceives vertical suonort only at 
and is supported horirontally by coll^^^ R. DC is a stifl 

arm rigidly attached to the spindle, and 
carrying a weight C. If AB is H inches, 

DC 10 inches, D midway between and 
and the weight at C < 0 lbs find the 
boriaontal foices at A and B 

Also lind these forces when the 
spindle is rotat ng freely at 100 revo* 
lutions per m»nutc and d'^tcrmine the 
speed of r^ta.ion for which the reaction 
at A is zero« 

4 What is the period of a conical 
pendulum of length 4 feet when the 
string makes an angle of 30^ with the 
vertical, and what is ihe tension of the 
String if the weight at the end is S lbs ? 



0c 


Fig. 85 


5. A light rod of leni^th 2 feet makes 40 revoIuMons per minate about 
the vertical lioe through the upper end, and carric-< a 'nass •f lbs. at 
the lower end If the rod is free to turn in its own vertical plane find ita 
inclination o the vertical when this inclination is constant, and find the 
tension in the rud. 


6. Prove that, if T is the time of revolution of the bob of a conical 
f>endulum at the bottom of a shaft of a deep mine of dr- th the pendu 
lum being suspended from the surface of the earth then uie value ol f 
at the bottom ol the shait is given by 


4-rrH 


P= — 


'J'2 



) 


where a denotes the radius of the earth. 

7. A particle, attached by a light inextensible string to a fixed 
point, describes a horizontal circle with angular velocity m. ihe plane ol 
the circle being at a distance h below the fixed poi it. PrOyO that 


f. If the length of the string is 3 inchre and it is inclined at an 
angle of 60 degre s to the vertical, and the weight of the particle is I os., 
find the tension in the strin : and the nnenber of revolutions per miDote 
that the particle is making. 


9. A motor car rounds a curve of ISO feet radius on a level road. 
What is the maximum specfl at which this is possible without overturo- 
Ing. when the distance between the wheels is -t feet and the C G, of th* 
car is midway between the wheels and 3 feet from the ground ? 

10, ' cyc’isf Is describing a curve of 60 feet radius at a speed ol 

10 miles per hour ; find the incHoa ion to the vertical of the plane of tb# 
bic\c1e. What is the least c efficient of friction b tween the bicycle and 
the road that the cycle may not side-slip ? (Assume that the rider aaifi 
4hs machine are Id one plane.) 
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11. An electric tram tarns a comer of mean radius 30 feet at a 
speed of tO m. p. h., the road being horizontal. The distance between 
the rails is 4 feet 0 inches bhow that in order that the tram car may not 
overturn, the centre of gravity must Q;»t be more than 10 feet high 

12. A railway carriage moves on a circular curve ; find the height to 
which the outer rail must be raised above the inner so tliat there may be 
no lateral thrust on the rails if the radius of the curve be 132o feet, the 
breadth between the rails 5 feet, and the carriage has a velocity of 
45 miles per hour. 

13. What is the side pressure between a train weighing 300 tons 
and the rails, when the train is going round a curve of 120 yds. raidus at 
SO miles per hour, the rails being on the same level ? What should be 
the cant for no side pressure with a speed of 30 miles per hour if the 
gauge IS 4 feet 84 inches wide? With this caut what will be the side 
pressure ii the speed is 45 miles per hour ? 

14. If the maximum and minimum speeds of trains on a certain 
curve of radius r are t> and u respectively, show that, if the track is 
banked up so that the sleepers arc inclined at ^ to the horizontal, such 

that tanfl- + 

2ffr 

then the outer lateral thrust on the fastest train is equal to the inner 
lateral thrust on the slowest train, assuming their weights to be equ.d. 

15. If 20 be the vertical angle of a smooth hollow cone, whose axis 

ia vertical and vertex downwards, show that the distance in>m its axis of 
a body, moving in a circle on its surface and making u revolutions per 
second is 

ff cot 0 
4 w * 

16. Two particles, of the same mass, are fastened respectively to 
the middle point and one extremity of a weightless string, and are'laid 
apon a smooth table, the other end being fastened to a point in the table 

If the string be pulh-d tight, and the particles be so projected that 
they always remain in the same straight line, show that the tensions in 
the two portions of the string are as 3 ; 2. 

17 A 2-lb. ball A fastened to the end of a string rests on a smooth 
horizontal table. The string passes without friction through a hole in 
the table at B, and has a weight of 10 lbs. hanging from the other end 
When the ball is rotating round B at the rate of 2 revolutions per second 
find the length of string between A and B. 

18. A train of mass M is standing on a railway curve of radios « 

which is banked up to su't a speed y. Show that tlierc is a lateral thrust 
OQ the rails ot magoitude 
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140. Motion on a smooth curve under the action of 
gravity. If a particle slide d<nvn the arc of any smooth curve in a 
vertical plane, and if v he its initial velocity a 7 id v its velocity 
after sliding dou'Ji through a vertical distance h. to show that 
9*=u*~^2gh. 

^ Me,thod'. Let tlje particle start from 
A with a velocity' u. Let 13 be the point 
at a depth h below A on tlie curve, where 
the velocity of the particle is v. 

Ivet P and Q be two points on the 
curve, very close to one another. Draw 
AM, PR, QS and BN perpendiculars on a 
vertical line, so that MN=A. Daw OV 
vertical to meet PR in 

The a<:eel<.rati„n at P alon« PQ L. j, ^08 VQP a,.h ,f „,.,1 
Wj uc the veiocitjes ut P and Q, have 

' *^. 1 " = C03 VQP.PQ 

= V + VQ 
VQ 

j.c the* change in the sejuare of the velocity is due to vertical 
height between P and Q. Since this is true thr evorv elernen of 
arc It IS also true for the whole arc AB. Hence the charn^e in 
the square of velocity m passing from A to B U that duo to 
the vertical height h, so that * 

v~ = m 2 4 - 2gh . 

// The theorem iti the preceding article m .y be 

deduced from the Principle of the Con.servatiun of Energy. ' 

‘ ; The fc.rccs acting on the particle are : its weight ?no autrnr 
vertically downwards and the reaction of the curve actim/ aloiw 
the normal mwards. Smee the particle moves alom^ the'’ curve 
no ,wo!k is done on the body bv the normal reaction” Tlio onlv 
furce that does work is the wciglii of the body. 

Hence the cliange of kinetic energy in movinrr from A U) 
Therefore^ ^ weight of the particle. 

— ^mu* — mgh 

v* — u*-^2gh. 
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Cor. The velocity at B is independent of the shape of 

the curve between A and B, 

141. If, instead of sliding down the 

particle be projected up with a velocity «. so t*>at it mo^ 

Awards along a smooth curve, its velocity « when its vertical 

distance above the point of projection is h, is given y 

Hence the particle will continue to J jf” 

, velocitv becomes zero. By putting e — 0 in the a o 

we see that the particle ascends a height above the point 

of projection. 

It will be noticed that the height to which ^ 
the particle will ascend is independent of the 
ihape of the curve, nor need it continually 
ascend. The psirticle may first ascend, then 
descend, then ascend again and so on. T-he 
point at which it will come to rest must be 

at a height of ^ - above the point of projection. 

The results of the preceding articles apply to the case of 
particle f.istcned at the end of a light cord, the other end of 
which is fi.\ed, and the particle is moved in such a manner 
that the coni i'l always normal to the path of the particle. 

142. Motion on the outside of a vertical circle. A par- 
tide slides from rest at the highest point dovm the outside of 
the arc of a smooth vertical circle ; to show that it will leave the 
curve ti'lmi it has described vertically a distajice equal to one- 
third oj the radius. 


Let O he the centre, and A the 
highest point of the circle. Let v bo the 
velocity of the particle when at a point P 
of the curve, K the normal reaction of the 
curve and r the radius of the circle. Draw 
PN perp''ncliculnr to the vertical radius 
AO, and lot AN=.A. 

Since the particle started from rest 
at A, 



Fig. 88 
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The force along PO is cos0 — R, where /:POA = fl 
But the force along PO must be 


mv* 




=mg cos S — R 


R=m^gcos0 — 

The particle will leave the curve when R = 0. Putting R= 0 
in the above result we get 


A= ^ Cos 0= -g- 

The particle will then leave the curve, ami describe a 
parabola freely. 


143. Motion in a vertical circle. A particle of mans m, is 
suspended by a string, of length r, from a fixed poijit and hangs 
vertically. It is then projected with velocity it, so that it 
describes a vertical circle ; to find the tension of the stritig and 
the velocity at any point of the 3a*)sequent motion, and to find 
also the condition that it may just make complete revolutions. 


Bet O be the point to which the string 
is attached and OA the vertical line through O. 
Let V be *he velocity of the ]>articlc at 
any point P of its path, and T the tension 
of the string there. Let AN be equal to h. 

Then, 

t^—u^—2gh •••(!) 


Since the particle is 


path, it hoe a forces 


mv 


moving iu a circular 
• along the normal 





PO. 


r 


Fig. 89 
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^ =T — tng cos 0 =T — 

X=m J/:rAl (r -3A) 



Equations (1) and (2) determine the velocity and tensions 
at any point of the path. 

The particle will not roach the highest noiiit B if the 
tension becomes negative ; for then, in order that the particle 
might continue revolting in a circle, the pull of the string 
would have to change into a push, and this is impos.sible in 
the case of a string. 


Hence the particle will just make complete revolutions 
if the tension vanish at the highest point, where h - 2r. 

Putting T=0 and A = 2r in (2), we get, 


or 


+ ^ (r“6r)=U 

tt“=5 gr. 


Hence for complete revo’.utions u must not be less than 
y'Sj/r. _ 

When M= JTygr, the tension at the lowest point, by (2) 



Sg-v + rg 
r 


= G mg poundals. 


Hence the string must at least be able to lH*ar a weight 
equnl to six times the weight of the lx»dy. 


Ex. 1. A particle 


5 



runs down the outside of a smooth 
vertical circle, starting from rest at its 
highest point ; find the latus rectum 
of the parabola which it dc.scribes 
after leaving the surface. 

By Art. 142. the partkle leaves 
the curve when cos 

At P it in moving with a yelooity 
» given by 

.... • 

v^ — '2gh, where BN=iA .- 
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= 2o (a— a cos 0)~ 


2ag 


...( 1 ) 


along the tanpcnt at P. making an angle (-0) with the 
horizontal. 

, , 2v^ cos* Q 

By Art. 108, the latiis rectum = 

2 2a^x4 16o 

• ^'3j7X9 ^27 * 


Ex- 2- One of lhe feats of a trick cyclist is to ride 
inside a sphere, sometimes riding head downwards past the 
highest point. If the greatest velocity with which he can 
reach half way up the sphere is 20 m p.h., and if he does not 
pedal in the upper hemisphere, what is the diameter of the 
largest sphere in which he can perform his feat without losing 
contact with the sphere ? 


Suppose the velocity of ths eyerst at B is u. Let OB = r 


/.POB;=e, and H the normal reaction 
of the sphere. If v is the velocity at 

P, the force along PO is — . Hence 

rnvi 

K — cos 0 = ---. 

But where BN=/i 

m ' ^ . - (r" — A) 


«*-l-y(r-3/0 

= rn . 

r 


(1) 



The cyclist will reach A if H vani.shes at A, t.c., when A—2 
Putting R--0 and h = 2r in (1) we get, 

a*+!/ (>'-0^) = *^ „ 

or u* = ot/r 

velocity at C= / u^—2gr- 

But we are given that at C his velocity is ft./BCC, 


:^5gr—2gT ; 


[using (2) ) 
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_ 88x88 
'’“27x32 

2rs=17*9 feet approximately 

Examples XVII 


1 . A particle hangs from a point O by a string of length n. It ia 

projected horizontally with velocity u such that «*=(24- ^3) Show 
that the string becomes slack when it has described an angle 

2. A particle at the end of a string of length t, the upper end of 

which is fixed, is projected horizontally with the velocity ^ugl. If the 
string becomes slack before the particle reaches the top of the circle, 

show that it does so at a height ^~(1 -f-n) ^bove the lowest point. 

.3. A heavy particle is attached to a fixed point by a fine string of 
length a ; the particle is projected horizontally from the lowest point vith 


velocity 



2 



Prove that the string will first become 


slack, when inclined to the upward vertical at an angle of 30®, will 
become tight again w hen horizontal, and slack again when inclined to 

the upward vertical at an angle cos“i 

4. A heavy particle, banging by an inextensible string of length a 
from a fixed point, is projected horizontally with a velocity y/2gh. 

If w d > ^ > a, prove that the circular motion ceases when the particle 
has reached the height J la+2A). Prove further that the greatest 
i eight ever reached by the particle above the point of projection is 

(4o-6)(a+2A)* 

27a» 
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CHAinTJl XI 

SIMPLE HARMONIC MOTION 

144. Tlieorein- A particle P describes a circle with 
uniform angular velocity, 
and if Q be always the foot 
of the perpendicular drawn 
from P upon a fixed diameter 
AOA' of the circle, to show 
that the acceleration of Q *•? 
always directed towards the 
centre O of the circle and 
varies as the distance of Q 
from O, and to find the velo- 
city of P and its time of de-i- 
cribing any space. Eig- ^^2 

Let a be the radius of the circle, whose centre is O. Let 
PT be the tangent at P meeting OA produced at T. Let «» 
be the constant angular velocity of P. If the particle P started 
from A. the angle turned through in lime t would be Q=wt. 

Since Q is always at the foot of the pen^endicular to AA' 
drawn from P, its velocity and acceleration are the same as the 
resolved parts, parallel to AO, of the velocity and acceleration 

of P. 

But the acceleration of P is aw* directed towards PO. 

Hence the acceleration of Q along QO = aw*. cos ©= OQ 
an d therefore varies as the distance of Q from O. 

Also the velocity of Q=a«), cna PTQs=a«>. sin Q. 

= X* 

where OQ= x. 

This velocity is greatest at O and is rero at A and A'. 
Also the acceleration vanishes, and changes its sign, as tb© 
point Q passes through O. 
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The point Q therefore moves from rest at A, has its great- 
est velocity at O, comes to rest again at A', and then retraces 
its path to A. A& P moves trom A along the circle and 
completes one revolution, the point Q moves from A to A' and 
then back to A, thus making one complete oscillation. 

The time in which Q describes any distance AQ 

in which P describes the arc AP 





X 

Q 



The time froni A to A* and back again to A=The time 

taken by P to, make] one coRjplete ■j-erulution round the circle. 



145. \ Simple jHarmoni^ IVTotion. Definition. If a point 

fnoie in ii lint tio that its accfltraJ io7i is ulways divtcltd 

towards, and varies 'Jrom a fixed point in the straight line, the 
point said to mow with simple harmonic motion. 


I he point Q in the last article moves with simple harmonic 
nir.tion (S. H. M.). If . . .s ..v 

M .OQ 


tbo acceleration of the 
point be /*.OQ directed 
towards O, we get, by A 
comparing with the cx- 


0 


A 


Q 


prcs-^ion for acccleratmn of Q in the last article, that P=.u.^. 
Kence from (1), (2) and (3) of the last article we get 


(1) the velocil\' of the particle when at a distance a: from 

Oi.'’ Vfi{a^- x); 

(2) the time that has elapsed when the point is at a dis- 
tance X from O is - ^ cos”' — • and 

s/ n O 


(3) the time that elapses before it is 'again in its initial 
position is 


2ir 


/ * 


The point O is called the centre of oscillation. The maxi- 
mum distance OA or OA' of the moving point on either side of 
tch centre O is called the Amplitude of motion. 



S. H. M. 
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The time that elapses from any instant till the instant in 
which the moving point is again moving through the same 
position with the same velocity and direction is called the 
Periodic Time of the motion. 


'The periodic time 


2-n . 

15 

s/ ^ 


independtnl of the amplitude, of . 


Alternative expression for velccity and distance. 

From (2) Art. 144, we have, 


i- 

<D ^ 

But © = = 


cos' * 


ar 

a 


y /* i 


x= fi cos y fi f. 

And velocity — («- — x*). 

= x/ 'TTa sin t. 


Ex. 1. A body i.s attached to one end of nn inoxtvnsible 
string and the other end moves in a verticiil line v ith n 
complete oscillations per seemd. Show that the string will not 

remain tight during the motion unle.sa n*< , wlieic a is the 


amplitude of motion. 

The end O executes S. H. M. The string can be 
slack only wJien O is moving upwards. Its inaxinuun 
acceleration vertically upwards is fya. (Art. 144). 

If tbe string leiriaiiis tight, during the ni<.>licn, the 
acceleration of the j aiticle due to gravity must exceed 
M a, I.C., 

o (1) 


But 






‘A 



or ^ = 4 a 

From (1) and (2) we get, 
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Ex- 2. A mass of 4 lbs. is suspended from the end of • 
light helical spring, and when the system is at rest the spring 
is found to be extended 3 inches. The mass is now slowly 
depressed a further distance of 2 inches and then let go. 

Find (a) the periodic time of vibration, (6) the maximum 
velocity. 

If T=pull of the spring and x the extension, T= — j- 

where may be called ‘the spring constant', and I is the un- 
stretched length of the spring. 

When a mass of 4 lbs. hangs, the spring extends I feet. 


O 


^9 = 


41 


or 


-r - 26g 


.. ( 1 ) 


If at any instant y denotes the displacement of t^ 
particle below the equilibrium position, the upward 
force on the particle is 

T-^i/= A. 


rt 

1 r 

p 

Fig. 94 

^ l‘'17y 

centre of force = • . 


= n'>(/(l+y)— 

= Hjg y. 

Hence the acceleration of the particle towards the 

= 4y.V 


Periodic time= — v-- 
The velocity is given by 


s= — _ seconds 
>/2 


V* =4^ 




V is maximum, w'hen y—0 


^XDAX 


ft. /sec. 



H. M. 


in 


Ex. 3. A light elastic string of natural length I has ono 
extremity fixed at a point A and the other end attached to^ 
a stone the weight of which, in equilibrium, would extend, 
the string to a length 1%. Show that if the stone be dropped 
from rest at A, it will come to an instantaneous rest at a depth 

I* below the equilibrium position. 


LctAB = Z 

When the particle is suspended, the string extends to O 
such that AO = ii. 

When the particle is dropped from A. the string 
remains unstretcbod up to B, and its velocity at 

B=y2jl. •■;(*) 

Suppose at any instant of its subsequent motion, 
the particle is at P, such that OV=x. Then the force 
on the particle 

= T rng, where T is the tension of the string 
and m the mass of the particle. 





Now 


X— ^ + where A is the modulus of elastic- 

1 


ity. 


Wince the particle extends the string to a lengtl' we have 
m7=A ^ 


y- mg = k . — A 


I 


I 


kx 

I 


m 


Hence the acceleration of the ^larliele — 

Therefore the velocity of the particle is given by 

where a is the amplitude of S.H.M. 
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Now when x=^ — (?i — 0» 

I 

or L>/(i,-J) = a2-(Z,-i)* : [using (2)] 

Ex. 4. One end of an eiastic string whose modulus of 
'elasticity is > niul whose natural length is a is tied to a fixed 
point on a smooth horizontal table, and the other end tied 
to a mass m Iving on the table. The particle is pulled to a 
<listance where the extension of the string is b, and then let go ; 
describe the character of motion and show that the period of 
one complete oscillation is 



Let O be the fixed point, 
and OA — a. Let the string be 
extended t-i B, where ABi=6, 
atid released. 

The particle being acted upon by the tension of the 
extended elastic string moves towards A. Ibe tension 
vani>lies at A, becau.'^e die string regains its natural length. 
Due to the velocity which the porticlc has acquired it moves 
along AO with a c«'nt>t«nt velocity till it rcac'nes a point A' 
on the left v,f O. such thatOA- OA'. After this the string 
b<''dns to extend in the direction ot motion till the particle 
reaches a po nl B', such that OB = OB'. When the particle 
has reached IV its velocity becomes zero and it retraces its 
path to B. 

When the particle is at P, where Al‘=x, its acceleration 

tos\ ards nA — — . — 

m o 


.r 


0 


1 


Fig. thl 


lien'c 


the time 


for describing the distance BA = 



WiO 



S. H. M. 


173 


> • » 


■iv' 


ma 

The velocity is irivcn by 


v 


(fce_a;8) 


am 


Hence the velocity at A — b 


arn 


.• Time for describing the distance AO 




am 

~ 


Hence the time from B to 




/. The time for one complete oscillation 


illation = 4 ^ 


am 


-2( 


+ 


2a 


X 

am 


/ a 

vT 


(1) 


(2) 




Vt 


Examples XV. 


1. A point i-i doscribiPR simple harmonic m )tion making three 
complete oscillati ui-i per second. The extent of motion on either side 
of the mean position is 2 inches. Calculate the maximum velocity and 
maximum acceleration in this motion. 

Find also the velocity and acceleration when the point is distant one 
inch {rom the centre. 


2. A spring balance is such that 1 lb. placed on the scale pan. 
which weighs lib. depres-es the pan 0 5 inch A mass of ^5 lb. is 
allowed to fall from rest on to the pan from a height of 2 feet. Neglect- 
ing the weight of the spring, show that the maximum distance the pan 
wm be depressed is2'87 inches nearly. 

3 A light spiral spring whose natural length is I cins. and whose 
modulus of elasticit’/ is the weight of ti grammes, is suspended by one 
end and has a mass of m ^.laniincs attachi-d at the other ; show that the 
time of a vertical oscillation of the mass is 


v": 


1 

g 


4 . A light elastic string stretches 4 indh lor every pound of tension. 
H. when the string is vertical and onstratched, the upper end being 
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, -u«. ^ jK«t i«i attached to the lower cad and then saddeal/ 

^eleiu'dl’find^how^far it wm faU before coming to and find the time 

•of a cotnplcte oscillation. 

■ 5 A horizoncal^helf moves vertically with -.H.M. whose complete 

• i'ia nn»» secoud : find the greatest amphtude m centimetere it 
^n^have. so that objects reitiog oo the shelf may always remain in 

contact. 

A An elastic string, to thj middle point of which a particle is 
is stretched to twice its natural length and placed on a smooth 
nSrontal table, and its ends are then fixed. The par icle is then displac- 
e^i^^ rhe direction of the string ; find the period of oscillation 


ILeti be the length of the _ 
elastic string, tied between two ^ 
fixed points A and B, distant 21 
apart. Let O be the middle point. 


o 


Ti 


Lgj ue vi*c — Fig. 7 

Let P be the position of the particle when it is displaced toward# 

B, such that . 

1 he extended length of the portion AP of the string=.l+x 


I 


9 • I 

Extcnsion==l+-T:— ^ 


Similarly, the extension of the portion BP=(f— z) 

If is the modulus of elasticity, the tension in 

/ 


2 


I 

r- 


PA.T: A 


•f X 


— X 


and the tension in PB. Tj - A- ^ 


The force urging the particle towards the centre O 

-Tj-Tj 


.?A. 


4A 


Tlie acceleration of the particle towards O— • * 



S. H. M. 
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7 A point P moves in a straight line with the centre of 

motion being O. and the extreme po ition being A. A p-iint Q is taken 
in OA, snch that 20Q2«=0A9. Show t^at the time from A to Q is the 
■same as that from Q to O. 

8. A horizontal board is made to perform simple harmonic oscilJa- 
tions horizontally, moving to and fro through a distance of 30 inches 
and making 15 complete oscillations per minute. Show that the least 

value of the coefl5cient of friction is in order that a he.ivy body 
placed on the board may not slip. 

9 . A horizontal board is made to perform simole harmonic 
oscillations vertically, moving to and f.o through a distance of 30 
inches and mat ing i5 complete oscillations per minute Show that a 
book weighing one pound will not leave the board. Find the greatest 
and the least pressures exerted by the book. 

EXTENSION TO MOTION IN A CURVE 

146. Suppose that a moving point 1’ is describing a por- 
tion AOA', of a curve of any ehape, starting from rest at A 
and moving so that iis tangential accehjration is always along 
the arc towards O and equal to /*. arc OP, then the propositions 
of Art. 145, are true with slight modification. 

Uet B'O'B bo a 
straight line equal in 
length to the arc 
and let the arc OP be ^ 
equal to O'P'. Let P' ^ 
be moving towards O' 
with an acceleration 

II. O'P'. 

Since the accelera- 
tion of P' in its path is 
the same as that of P, 
the velocities acquired 
In travelling equal distances arc same. 

Hence 

(1) Volooity of P= velocity of P>. 

(O'B*— O'P'') == (Arc OA)*— (Arc OP)* j 
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(2) The time from A to P=time from 15 to P' 

_ 1 ./ O'P'; V i _,,'arcOP v 

Va. ““ ( O'B ) y/x laro OA) 

and (3) the time from A to A' and back again = . 

PENDULUMS 


147. A simple pendulum is a mass, which may be con- 
sidered small, attached to one en<i of a light inextensibie 
string, the other end of which is fixed, and which oscillates in 
a vertical plane. 

The time i)f osciJlation depends on the angle through 
which the string swings on each side of the vertical. 


If the angle of oscillation be small, it can be shown that 
the time of oscillation of the pendulum is approximately 
constant. 


148. 

0 



Pig. 5)9 


Theorem. If a particU. of mass m be tied fcy 
a light inexlensible string to a fixed point, 
and allowed to oscillate ihroiigh a small 
angle about the vertical position, to show that 


(he lime of a complete oscillation is 2t 
I is the length of the string. 



where 


Let O be the fi.xcd point. OA the vortical line 
through O, AP a portion of the circular urc describ- 
ed by the parti<*lc, and lei the angle AOP = 0. 

Hesolving mg along OP and pc?rpondicular to it, 
\vc < 00 , that the component along OT baUnccs T. 
so that, 

T = .7?y cose* U) 


The component along PS urges the bob to move along the 
circular arc AP ; its mugnilmle is inj sin Q. 

Hence the accederation of the bob along the tangent 


tn.g sin 0 
m 


= 9 sin 0 
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=gOi approximately, if Q ie small 
=:-^-XarcAP [V arc AP=/©.J 

The acceleration along the tangent to the path therefor,- 
varies as the arcual distance from the centre of oscillation. 

By Art. 146 (3), the time of complete oscillation 

2ir 

=\/“T^'-vr 

Note. The first discovery of this principle of the time 
of swinging of a pendulum is attributed to Galileo about the 
year 1582. He observed that the great bronze lamp which hangs 
from the roof of the cathedral at Pisa seemed to have a uni- 
form time of swing, whatever be the arc through which it 
moved, and he verified the fact by counting the beats of his 
pulse. 

E». To fin<l the length of a simple pendolum which makes 
one complete oscillation in 2 seconds. 


Periodic time 




lr= ?^-=:3-26 feet. 

IT* 


It may be noted that if we keep the length of the pendu- 
lum exactly constant, then for different positions on the earth’s 
surface the periodic time will vary inversely as the square root 

01 g. This gives us a simple method of comparing g at different 
places. 

149. Seconds Pendulum- A seconds pendulum is one 
which makes one beat (half oscillation) in one second. It takes 

2 seconds to complete one oscillation. The number of beats 
made during one day is 24 X 3600 ; and tJie number of complete 
oscillations is 2800 x 24. 
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150. Change in g due to position- Con.<»idermg the earth to 
be a sphere it can be shown, that the earth attracts any particle 
outside itself iust as if the whole mass of the earth were concen- 
trated at its centre. Therefore, by Newton’s law of gravitation 
the force of attraction on any particle at a distance r from the 

centre of the earth and lying outside its surface is y , 

where m is the mass of the particle. M is the mass of earth and 
y is the gravitation constant. 


Hence the acceleration of the particle 







where in a constant. 

If we move to a place whose distance from the ceutr e o 
the earth is ,the acceleration due to gravity on a particle 

is 5^1. 




Hence the acceleration diminishes laa 
the surface of tlie earth. 


(Binomial expansion] 
we move away from 


Again for a particle in.side the surface of the sphere and at 
a di‘>tanco r from the centre, the attraction varies directly as 
the distance of the j)arlielo from the centre. 


Hence gr 

If the particle movc« a further distance d towards the centre 
of the earth, so that its distance from the centre is (r — d). 




PENDULUMS 

Then, 


?8=A(r-d) 

r-rf 
iJt=9 ~ 



In this case also the acceleration is reduced. 

Herux the. acceleration of a particle in tJie earth'd field is 

^imum when the particle lies on its surface. The act deration 

<^tn%8he8 when the partxcle xs moved both awaij from the centre 
or towards tt. 


151. Loss or gain of oscillations. Tl»e time of oscil'ation 
ol a pendulum depends upon the lenj^th of the string 1. and 
on the value of g at the place. A change in I or y or both 
causes a change in the periodic time, and the pendulum loses 
or gain.s a number of vibrations in a certain interval. 

If n is the number of vibrations in a certain interval of 
time T seconds, and t, the time of one vibration or beat 


T=nt 


Kut time for one vibration ^ 



If O’ ph^nges to g^ and I to /|, such that nj is the numl>or 
of beats in T seconds, then 



Prom (2) and (3) we get, 




i 
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The formnla (4) helps os to find the number of beats under 
changed conditions. 

Ea. 1. Find how many seconds a clock would lose p« 
day if the length of ite pendulum were increased in the ratio 

900 : 901. 

In this case g does not change, and n=24 x 60 X 60 seconds. 

if ni=n+N, where N is the number of beats gained, we 

get, by Art. 151, 

h+N /T 

• “V *1 


or 


K«24x 60x60 


24x60x60 


u 

i[ 




24 >60x60 .o , 

2x900 

Hence the clock loses 48 seconds per day. 

Ex. 2- A clock with a seconds pendulum loses 20 seconds 
per day at a p’aoe where the acceleration due to gravity is 
32ft./Bec.* Find what change (i) in length, (*•) in gravity 
is necessary to make it accurate. 

In (4) of Art. 151, 

put n = 24x60x60 

m,=24x 60x60-20 

and J«=I|-1-L. 


The gravity remaining same, we have 
24 x 60 x 60—20 I , . L 


24 x 60 x 60 

i = 2 ! 1 

J, I 24x60x60 
1 


lncarly> 


-vl ■ 




2160 
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4 

Hence the pendulum must be shortened by vtVv oC its origiD*! 
lengtli. 


(2) In this case, the formula becomes 

— = /_?. ^ because length has not changed. 

”» V Qi 

where «j = :;4 x60 x 60 — SO 

n = 24x60x60 
?.=32 

Let g=32-fG 


24x60x60—20 


1 - 


24 X 60 X 60 
20 


24 X 60 X 60 


=[ 

=[ 


32 

32 + G 
G 


1 + 


32 


2-32 


( appro xi mate! 7 1 


64x20 

24x60x60 

= 0148 ft./aec.* 

Thus the acceleration due to gravit/lmust be increased 
by *0148 ft./sec.* 

Elxamplet XIX 

1 . A pendulum clock beats seconds. It the cl<xk keeps correct 
time in one place, how many seconds per day wUl^ it lose in a place 

where the acceleration due to gravity is decreased by per cent ? 

2. A simple pendulum of length 3 feet, oscillates through an 
angle of 12 degrees on either side of the vertical. Using the principle 

. of coQMrvation of energy, find the maximum velocity. Compare thfc» 
with the maximum velocity obtained by considering the motion to be 
simple harmonic. 

3. Two pendulums whose lengths are f and /| respectively begin 
to oscillate at the same instant, and after x oscillations they beat 
together again. If I, the greater, be known, find /f. 

4 . At what height will a seconds pendulum beat 3588 times in an 
hour, the earth's radius being taken as 39.58 miles. 
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5. If a seconds pcndulura loses 10 seconds per day at the bottom 
of a mine, find the depth of the mine and the number of seconds that 
ttic pendulum would lose when halfway down the mine. 

6. A seconds pendulum hangs against a wall inclined at an 
s.Qgle 0 to the horisootal. Show that the time for a small oscillation is 


V. 


• </3in ^ 

7. A balloon ascends with a constant acceleration and reaches 
a height of 9 >0 feet in one minute. Show that a pendulum clock, which 
has a seconds pendulum and is carried in the balloon, will gain at the rate 
of about 28 second'^ per hour. 

8. A cage lift is descending with unit acceleration ; show that a 
pendulum clock, which has a seconds pendulum and is carried in 
the lift will lose at the rate of about 56 seconds per hour. 

Additional Solved Examples 

Ex- 1- A planing machine is working with its stroke set 
at 4 feet, and is planing a piece of work 3 feet long, the tool 
clearing the work G inche.s at each end. There is a constant 
fricti«mal roei.stance equivalent to 4.*) pounds at the tool, and 
the cutting resistance is .'560 lb.s. m«»re. The machine makes 
20 complete sir^ke-s per minute. Find its average rate of 
working, in horse-power. 

If the cutting stroke takes twice as long a- the return 
stroke, find the average, speed of each, and if the highest 
cutti>»g speed is 1 tiaies the mean, find tlie greatest rate of 
working. 

In its forward .‘^trokt'. the tool moves a distance of 4 teet 
and outs 3 foot, length of \fno<.l. H'-nce tiie work flone 
= (45 X 4)-f(r)G0x 3) = 1860 ft.-lbs -wt. per forward stroke. 

In its hack htroke, tiie resistance is due lo friction of the 
tool only. Hence the work d(>ne = 4.'> x 4= ISO fl.-lbs.-wt. 
Since the machine makes 20 complete strokes, it makes 10 
forward and 10 return strokes per nnnnte. 


Hence the total work done per sec. = 


ISGOx 10 


ISO X 10 
' tiO 


= 340 ft.-lbs.-wt. 


w- P = 



isOLVED examples 1 

Tin>e taken for one cutting and one back stroke = y\j mhi. 
Hence the time for one cutting stroke =f x min. 

Distance described during this time=4 feet. 


The average forward Bpeed = 


4x30 


—60 ft. /minute. 

Similarly, the average return 8peed = 4v30 

= 120 ft. /minute. 

Now maximum cutting speed =-* x 60 ft. per minute 

= ? ft. /sec. 

Maximum H. = =1'65. 

550x2 

Ex. 2. In a ballistic pendulum for estimating the velocity 
of rifle bullets, a block of wood weighing 10 lbs. was suspended 
by two parallel strings as shown in the figure. When a bullet 
weighing 0-4 oz. was fired into the block in a horizontal direc- 
tion, passing through the centre of gravity of the block, it was 
observed that the block rose 6 95 inches. Find the velocity of 
the bullet. 


Let V ft. /sec. be the 
initial velocity of the 
bullet, and V ft./sec. the 
velocity with which the 
block begins to move. 

The total momentum 
of the bullet and the 
block in a horizontal direc- 
tion must remain constant, 
since tliere is no resultant 
force in that direction. 




Fig. 100 



e. 


i;= 10 025x40 V, 
V = 401 V 


( 1 ) 
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The block and the ballet now swing forward, and all their 
K.. E. is changed to potential energy, when they reach their 
highest point. 

I {10025) V*=l0025x32x -yf- (2) 



or 



64x6-95 
^ - 12 ' 

V = 6-06 feet per sec. 

V = 401 X 6*06 
=2430*06 feet per sec. 


Ex. 3- Prove that when two heavy particles are projected 
in the same vertical plane from two 6xcd points with equal 
velocities so that they collide, the sum of their angles of i)ro- 
jection must be constant. 


Let A and B be two 
dxed points, such that 
andBC = di. Let the parti- 
cles be projected from A and 
B with the same velocity « 
making angles a and 0 with 
the horizontal respectively. 
.Since they collide at P after 
a time t, we have, 

I 

AM = w. cos a. f 

$ 

sin a. / — S gt- 

BN = u, cos t 

PN=w. sin 0. t — i yP 

Therefore, AM— BN = AM 
or (cos a — cos Q) —d 

Again. PN — = 

(sin 0-BiDo)=di 
Dividing (1) by (2), w'e have, 
cos a — cos Q d 
ain 9— sin o ■“ dj 



( 1 ) 

( 2 ) 



SOLVED EXAMPLES 




or tan = oonataat 

9=conataiit. 

Ex. 4. Two masses Mi and M, are connected by a 
inelastic string which passes over a smooth palley. The 

larger mass M, rests on a horizontal table ; Mi is then raised a 
feet vertically above its position of rest and let bhow 

that the interval between M, leaving the table and returning 

2M'^ 

to it again is M^-MiV Y' 

The velocity of Mi when it has fallen h feet is ^tgh. 
At this time the string becomes taut and the mass is 
jerked off the horizontal table. 

The velocity imparted to is given by 


(Mi + M,) w=M,y2jA 

+ 

Now the common acceleration/ of tho two masses during 
subsequent motion is given by 
M,!7 -T=Mi/ 

T— Ma^ssMa/. where T is the tension of the string. 


/= 


( 2 ) 


M.-M, 

M;J+ Ml ^ 

The mass M, starts moving up with veh'city v and accelera- 
tion /. Its velocity vanishes after time / given by, 

M, 


o= 


M,-M, , 


M. 


Mj-MjV 


ik 


After this time, since Mj>Mi. the mass M* will descend to 


the table. It will take ji_ 
table. 


186 


DYNAMICS 


Hence the required time = I^!L. 

Mj-M, ^ g 

Ex. 5. A uniform heavy chain hangs at rest over a smooth 
small j^g : from one end of the chain one-fourth of its whole 
length is cut off ; show that the pressure on the peg is instan- 
taneously diinin ishotl by one-third. 

Let mg be the weight of the chain. Originally the pressure 
on the peg is mj. When one-fourth of the length of the chain 
is cut off, the heavier portion begins to descend. If T poundals 
is the tension in the chain, we have 

0^9 rn 

•> ^ — »> J 


rp _ mq 


St)lving these equations, we have, 


T= — 


3 * 

Hence the jms^iiirc on the nc"=liT 


2 mg 


l^'’'Iur’l i( >ti in pressure = 

= :i poundaH. 

Ex. 6. A stone i.s lei fall from a hcijlit of 16 ft., and 
alieln-< on a co}ie<l spring which brings it to rest after passing 

1 ft. ; the sy)ring is so arranged that, the force which it 
.il']»lies to the stmie is constant and is equal to 20 Ibs.-wt. ; what 
1 " the mass of the stone ? 

I he v< locity aeipiired bv the stone in falling tlirough 16 feet 
Irnm rest =: ./ o x .32 x”l6 =32 ft./sec. 

This velocity is reduced to zero, when the stone has moved 
I ft. on the spring. Therefore, if (— /) is the acceleration in 
ieet per sec.=^ produced by the spring, we have, 

0 = 322-1-2 (g-/) 

/=32x 17 ft./sec.a 
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THiCTefore, if m is the mass of the stone in pounds, 

m/ ^ 20 X g 
wx32x 17 = 20x32 
m= li\ lbs. 

Ex. 7, If thrt« bodie.s are projected .simultaneously in the 
same vertical plane from tb?' same point, prove that the area 
of the triangle formed by joining the tiiree bodies at any 
instant will vary as the stpiare of the time. 

By Art. 40 (a), since ^ is the common acceleration of the 
tiiree particles, their relative distances from the origin freely 
ialling under gravity, are u^t, after a time t ; u^, Wj, aa, 

being their initial vel«)cities of yirojection. 



Ex- 8- Two buckclR, each weighing 16 ozs. are connected 
a cord over a frictionleas jriilley, and an animal weighing 
3 ozH. ia placed in one of the buckets. The system is let, go Irom 
rest, and at the end of 1 ^ secs, the animal sj^rings out of the 
bucket reaching a height of 8 inebe-s above the starling point 
of the jump. Show that the velocity of the btiekels vhile the 
animal is clear of them will be 51 1 It. per second. 


The bucket containing the animal 
common acceJerution / is given by 

16 -' 16 *' 


;-T-y 



moves down, and the 
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li ® bucket aftM* 


3 3 144 

"'“ST X 32 X ft./a© 0 . 


The velocity with which the animal springs up, so that it 
may trarel up against gravity a distance 8 inohea, U 

0= v^^— ,2x32x8 


12 


or 




the Telocity of «b» 

l^uckets, and if the new velocity of the buckets is »„ we hav« 

by the law of conservation of momentum 

Impulse on the bird=lmpulse on the buckets. 


• • 


144 ^ 

35 "*'32 


X 10-64 


=5'11 ft. /sec. 

Ex. 9. A shell Bred with velocity V at elevation 0 hits 
an airship at height. H, which is moving horizontally away from 
the gun with velocity v. Show that if 

(2 V cnse-p) (V* sin* 0-2.7 H)^=»V sin 0, 

the shell might nlsn have hit the airship if the latter had re- 
mained stationury in the position it occupied when the gun was 
actually fired. ® 


Referred to P as origin. 
PX as (he axis of x and PY 
as the axis of y. the equation of 
the path of the shell is, 


y=r tan 0— /i 

^ 2V“ cos-i 0 


AM=BN=H. 


The airship is moving along 
AB. The shell hits it at B. The 
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Aell might also have hit the airship if it had remained station 
ai 7 at A when the gun was fired. Hence, if = x and < the 
time which the shell takes in moving from P to B, we have 
AB=rL ’ 




The co-ordinates of B are (ar + r/, H). 

The co-ordinates of A are (ar, H). 

Substituting the co-ordinates of A and B in (1), we have, 

<2) 

-cl H = (. + .0 tan ,3) 

Subtracting (2) from ( 3 ), we get 

0=t(.tan e- ^ 

^ 2V» cos* e 

•r 2 V* ain 0 cos (2ar-l-t/) (4^ 

By considering the horizontal and the vertical distances 
travelled by the projectile in time t, we have, 

V cos S.t = z + vl /5J 

H = V sin 0 <— I (gj 

From ( 4 ) and (G), we get, 

2 V* sin 0 cos 0=9 ( 2 V cos 0 — e). C 

_ . 2 V* sin 0 cos 0 

~~ 9 ( 2 V cos 0 — v) 

Sub.stituting the value of t in (6) after a little simplification 
we have 

( 2 V cos $—v) (V* sin* 0 — 2 ffH)^ = v V sin 0. 


Ez . 10 . A shell of mass (»n|d m^.) is fired with a velocity 
whose horizontal and vertical components are u and v respec- 
tively ; and at the highest point of ita path the shell explodee 
Into two fragments m| and The explosion produces an 

additional kinetic energy E, and the fragments sejiarate in a 
B orisontal direetion. Show that they atriko the ground at 
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a distance equal to 



between them. 


The time to reach the highest point 



« 



Let «i and w, be horizontal velocities of the fragments 
^ and m, after the explosion. Then by the law of oonserva- 


tionof momentum, 

(TOi + ffl,)«=mitt(d-»nt02 (!3) 

Also by the law of conservation ef energy, 

+ E (3) 


From (2) and (3), we have 

j2E(J| W 

Since the horizontal velocity of the shell remains constant, 
tlie fragment will take - time to reach the ground. Henae 
the distance between their positions of striking the ground is 



Ex. n A body of mass m rests on a smooth table. Aa- 
other mass M moving with velocity V collides with it. Both 
arc perfectly elastic and smooth. Tlie body m is driven at an 
angle 9 to the previous line of motion of the body M. Sho w 
tliat its velocity is 


2 MV cos© 


M + m 
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M Strikes mat an angle 0 with the line of centres. After 
impact, m moves along the line of centres with velocity v, say 
and let M move with velocity V* at an angle 4>, with the line of 
centres. 



Since on M, there is no force perpendicular to the line of 
centres, its velocity in that direction remains unchanged. 
i.t., Vj sin^saV sin 0 

The equation of momentum gives 

MV| cos 4} + «w=M.V cos Q (2) 

Newton’s Law gives 

V, cos ^ — w= — e (V cos $ — 0) 

= —V cos 0 ■/ « = l 


or 


From (3) and (2) we have 

M (v — V cos 0) cos 0 

2MV cos 0 


• (3) 


Problems for Review 

1. A projectile has initially a velocity whose horizontal 
and vertical conii>onent8 are u and v respectively, [f R in tho 
range and h the greatest height attained, show that 

h V . 8h / R 

-and- = (~l . 


4 ^ = 


R 


u 


9 
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R* 

Also prove that the maximum homontal range is 

2. Ift>iand», be the velocities at the ends of a focal 
ehord of a projectile’s path and u the horizontal component 
of the velocity, show that 

1 


J J 


u' 


4 

3. Show that it is possible to hit a mark y ft. height and 
distant z ft. horizontally from the thrower with a velocity 
t* ft. per second pfovided 


- — - u 


if 

4 An inelastic sphere of ipass M collides with another 
sphere of mass m. If the latter sphere was at rest before the 

collision, show that a portion kinetic energy 

isflos^. 

' 5'\ A gun of mass M fires a shell of mass m horizontdly 

and the energy of the explosion is such as would be sufficient 
to project the shell vertically to a height h. Show that the 
velocity of recoil is 

'2m^gh 

M^M + m) ) * 

6 A series of n elastic spheres whose masses are 1, «, e*. 

' etc are at rest, separated by intervals with their 

centVes'iying on a straight line. The first is made to 

on the secund with a velocity Show that final y 
the first Cn-1). spheres will be moving with the same velocity 
< 1 - €)u and the last with the velocity «. 

Prove that the final K. E- of the system is 

1(1 -r. + c“)u». 

7. Two men. each of maaa M, stand on 
platforms each of mass tn, hanging over a smooth pulley 

Sne of the men. leaping from the 

•entre of gravity through a height h. Show that il he leaps 
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with the Bame energy 
rise a height 


from the platform, 



MA \ 

2(M+m)r 


his C. G. will 


8. A train is going horizontally at 25 m. p. h. A rifle is 
pointed from it at a bird seen in a direction inclined at 60® to 
that of the train’s motion, and a bullet is discharged. Suppos- 
ing the bullet to move horizontally ana unuormiy until it kills 
the bird, which is flying uniformly and horizontally in a plane 
at right angles to the line of the train’s motion, find the bird’s 
speed, and its velocity relative to the train. 

9. If a projectile whose mass is z lbs. is fired with a 
velocity a at a body whose mass is m lbs. advancing with a 

velocity V, the body will retain a velocity . if the bullet 


is imbedded ; but a velocity v - — (u — u'), if the bullet per- 
forates and retains a velocity u . 

10. A particle is projected from a point in a horizontal 
plane with initial velocity v at angle of elevation a. Prove 
that its height above the plane after moving a horizontal 

a?* 

distance a: is a; tan a — 
range on the horizontal plane. 

11. A steam hammer whose mass is 18 tons falls 9 feet, 
and remains in contact with a mass of iron for second ; 
find (1) the average pressure exerted ; (2) the compression 
effected. 

12. Three elastic spheres of masses A, B, C are at rest on 
a straight line ; A impinges with given velocity on B, and 
B subsequently on C ; prove that A and B will have a second 
impact when 

e^ + e+1 
e 


(l-|-tan* a), where R is maximum 


is greater than ^ (A + B+C), where e is 
of restitution. 


the 


co-efficient 
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13. A light string has masses m, and m, fastened to its 

ends. The middle part of the string lies stretched on a smooth 

horizontal rectangular table, and is perpendicular to two 

opposite edges of the table over which its ends hang. A 

particle of mass m is knotted on the part of the string which 

lies on the table. Show that the tensions of the two parts of 

. 12 12 

the string are in the ratio — + — : 1 . 

® m mi rK 

14. Corn falls uniformly through an opening to a floor at 
the depth h below ; prove that the C. G. of the falling corn is at 

a distance from the opening. 

13. A pendulum, whose length is I, makes m oscillations in 
24 hours ; when its length is slightly altered, it makes (m + n) 
oscillations in 24 hours. Show that the ditninutiun of length 

‘2nl , 

IS nearly, 
m 

16. A second’s pendulum loses 5 beats per hour (i) at the 
top of a mountain, (it) at the bottom of a mine shaft. 
Assuming the earth to be a sphere of radius 4000 miles, 
determine (i) the height of the mountain and (it) the depth 
of the mine shaft. 

17. smooth hollow .-sphere 's revolving uniformly about 
a vertical diameter, at the rate of n revolutions per second. 
Show that a particle lying on the inner surface and rotating 
with it will rest either at the lowest point or at a depth below 

the centre equal to . 

4^ n* 

18. Two equal masses, connected by an incxtensible 
weightless thread which passes over a smooth fixed pulley, 
arc hanging freely. Show that the tension of the thread is 

unaltered, when — th of the mass is added to one and 
— th of the mass is removed from the other, 

71+2 

10. A balloon ascend.s with a constant acceleration and 
reaches a height of 900 feet in one minute. Show' that » 
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pendulum clock, which has a second’s pendulum and is carried 
in the balloon will gain at the rate of about 28 seconds 
per hour. 

20. A body is thrown up in a lift with a velocity u relative 

0 the lift and the time of flight is found to be t. Show that 

, 2u-tg 

the lift is moving up with an acceleration , 

21. A cannon ball has a range R on the horizontal plane. 
If h and k’ are the greatest heights i^the two paths for whicli 

this is possible, prove that R = 

22. Two particles of masses w and are moving in 

parallel straight lines at a distance a apart with given velocities 

1 and v' ; the particles are connected by a string of such a 
length that at the instant when it becomes taut it is inclined 
at an angle « to the two parallel straight lines ; assuming that 
v>v', show that the impulsive tension on the string at the 

instant it tightens is — — cos a. 

23. A smooth ring, of mass M> is threaded on a string 
whose ends are then placed over two fixed smooth pulleys with 
masses m end tied on to them respectively, the various 
portions of the strings being vertical. The system l>cjng free 
to move, show that tlie ring will remain at rest if 

M ” m ^ tn" 


24. A perfectly clattic ball is thrown from the foot of a 
plane inclined at an angle « to the horizon. If after striking 
the plane at a distance I from tlie point of projection it 
rebounds and retraces its former path, show that the 
Velocity of projection is 


\/ 


^/(l+3 sin^ q) 
2 sin a 


25. Awhulow iB supported by two cords pasmng 

pullovB in the frame-work of the wn^ow (which it loosely 
the other ends of the cords being attached to two weights 
equal te half tho weight of the windoiy. One cord li^nks 
the window desocmls with aeoeloration /. Show 


over 

fits), 

each 

ami 

that 



196 


DYNAMICS 


/— ff , where ifl the co-efficient of friction, and a ia 

the height and b the breadth of the window. 

26. An engine pumps water through a hose, and the water 
leaves the hose with a velocity v ; show that the rate at which 
the engine is working varies as t;*. 

27. A cyclist and his machine together are of mass M lbs ; 
if be ride, without pedalling, down an incline of 1 in m with a 
uniform speed of v ft. per sec., show that to go up an incline of 
1 in n at the same rate he must work at the rate equal to 

' m n / .550 


M 


H. P. 


28. Find the velocity acquirea by a block of wood, of 
mass M lbs., which is free to recoil when it is struck by a bullet 
of mass m lbs., moving with a velocity t; in a direction passing 
through its centre of gravity. 

If the bullet be embedded a feet, show that the resistance 


Mm 


V 


M+m 2ga 


lbs. 


of the wood to the bullet supposed uniform is 
wt. and that the time of penetration is— ^^secs. during which 


time the block will move a feet. 

M + m 

29. A ball of 2ozs. weight is projected with a velocity of 
20 ft. per sec. from the lowest point pf a circular tube, which is 
held in a vertical plane. If the radius of the circle into which 
the tube is bent is 4 ft., find at what height from the lowest 
point the ball passes from the outer to the inner face of the 
inside of the tube. 


30. A weight of 6 lbs. is hung by strings 6 ft. Rong from 
two pegs 6 ft. apart. The weight is held with the strings in a 
horizontal plane and just taut, and is then let go. What will 
be the greatest pull on the pegs during the subsequent 
motion ? 


31. Two weights connected by a string, length o, are held in 


% 

contact. One is allowed to fall, and after a time t 
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the other is let go. Show that after the second starts a 
time ^“.^l^elapses before the string tightens, and that the 

w w — 1 — and to^ ar6 tnc 


K. E. lost then is ™ 


to + w 


gt^, where w 


weights. 

32 A body hangs from the roof of a carriage by equal 
strings attached to two other points, one ^^ectly m 

the other, so that the strings are at right 

tion of the carriage is 4 ft./sec^ m the direction of motion, 
find the ratio of the tensions of the strings. 

33 A jet of water issues from a circular nozzle, whose 

diameter is V' fixed at the end of a horizontal pipe, and strikes 
f "vertical right angles to the direct^n of 

the let If 10 gallons of water per minute issue from tbe 
nozz\e^ 'find the Lrizontal force which would have to be plac^ 
at the back ^ it its place, assuming that 

it entirely destroys the velocity of water. 

34 If V is the velocity of a shot up the bore when leaving 

the muzzle of a gun, and a the velocity "orjtonta 

recoil of the gun, a the elevation of the gun, find the honzon 
tal velocity of the shot when it leaves the gun and prove that 
the angle which the line of departure _of^be shot makes witn 

the horizontal, is given by tan ^ = - - - - ’ prove 


V cos a— v 


u sin a 


cos a 


tbat» tan 

35. The hose of a fire engine makes an angle of 45 ® with 

the horizontal, and the jet strikes a wall at right 

above the nozzle. Find the honzontal and vertical components 

of the velocity at the nozzle. The " 

of water per minute. Find the thrust exerted on the wall. 

36. A particle is suspended by three equal strings of length 
a from three points forming an equiUteral triangle of ^ 26 

in a horizontal plane. If one string be cut. show ^^*9“ 

of each of the other is instantaneously changed m the ratio 

3ai— 4b* 

2 ( 0 *— 6 *)‘ 
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37. A smooth wire, bent into the form of a circle of radius 
f, is rotating about its vertical diameter with angular velocity 
tt>. If a mass is strung on the wire, show that it will be in 
equilibrium when its angular distance S, from the vertical 
diameter is such that 

raj*oos6^^. 


The mass is given a small displacement from its position 
of equilibrium ; show that it will oscillate about this position 
and that the p eriod of oscillation is 




T.- ^ 


2Tr 




sin'^ 


38, ' A pendulum bob, weighing 8 ounces, rotates uniformly 
in a horizontal circle at the end of a light string 1 foot long, the 
other end of the string being fixed. If it makes 120 revolutions 
per minute, what is the tension in the string, and what angle 
does the string make with the vertical ? 


At what angle and with what speed does the pendulum 
rotate if the ten.sion in the string is equal to four times the 
weight of the hob ? 

39. A motor car has a machine-gun mounted on it, and 
when the car is at rest the gun is fired horizontally and straight 
to the front for 15 second.**. Find the velocity of the car at the 
end of this time. 


Rate of firing. 000 biiUet.9 per minute ; muzzle velocity of 
the bullets, 2400 fee .'sec. ; weight of a bullet, 4 oz ; weight of 
the loaded car, 18 cwt. ; resistance to motion of the car, IG lbs. 

40. A torpedo boat fitted with hydraulic propulsion took 
in 1 ton of Avater per second in a direction perpendicular to the 
direction of motion of the l)oat, and discharged it horizontally 
astern with a velocity of 37*25 feet per second, relative to the 
boat. With this discharge the steady speed of the boat was 
12*G knots. Find the resistance to motion of the boat. [One 
knot equals G080 feet per hour]. 

41. The velocity of flow in a water main of 6 inches dia- 
meter is 5 feet per second. At one place the main is bent through 
nn angle of . 10 ®. Fiiul the resultant force on the bend. 
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42. A light spring, whose inertia may be neglected, is such 
that a I lb. weight will compress it 1 inch. It is compressed 
2 inches and placed on a table so that it will expand in a 
vertical direction. If a ^ lb. weight is put upon it and the 
spring is released, what is the velocity of the -J lb. at the instant 
it leaves the spring. 

43. A boat weighing 500 lbs. is moving ahead under its 
own momentum at a speed of 5 ft. /sec., when a man weighing 
160 lbs. starts to run forward from the stern to the bow taking 
2 seconds to run the 1 1 feet length of the boat. 


(а) At what speed does the boat move while he is moving ? 

(б) What is the speed of the man relative to water while he 
is running ? 

(c) At what speed does the boat move after ho stops ? 

(d) How would the motion of the boat be affected if, instead 
of stopping at the bow, the man dived forward off the boat at 
the same speed ? 

44. A mass M is moving on a smooth horizontal table with 
uniform velocity in a circle, being attached by an incxtensible 
string to a fixed point. It hits another particle of mass m, 
lying at rest, which sticks to it. The tension of the string just 
before collision is T and just after collision is T'; show that 
(m + M) T' = MT. 

45. A cannon ball of mass m is shot from a gun of mass M 
which is so mounted as to be free to recoil in a horizontal 
direction, so that its muzzle velocity, when fired horizontally, 
relative to the grotind is V. Provo that the greatest range on 

a horizontal p'ane is obtained by 

giving the gun the elevation 45“. 


46, Two particles of masses 7«, 7n' lie on a smooth horizon- 
tal table connected by an inelastic string of length a ; 7n is 
projected in the plane at right angles to the string; prove that 

... .1 • rn + m 

the initial radius of curvature of its path is — a- 


47. A perfectly elastic particle is lot fall from a point P 
on the upper surface of a vertical hoop (centre O) and rebounds 
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from the inner surface of the hoop. Pxove that after two 
rebounds it will be moving vertically if, tan 0=2 sm 40 ; 

0 is the angle which OP makes with the vertical, and find the 
time which elapses before the particle arrives again at P. 

48. A particle is projected with given velocity imder the 
action of gravity from a point P so as to pass through a point 
Q ; show that if are the two possible times of flight 

g i,f.=2 PQ. 

49. A uniform chain of length 2a, hanging symmetrically 

in equilibrium over a thin smooth peg, is .1“®* 

its equilibrium position. Prove by the principle of conserva- 
tion^of energy^ that its velocity when just leaving the peg 

is ^ ag. 
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Examples 


210 ® with the direction of 1 ft. /sec. 


1* y/3 ft./sec. 

velocity. 

2. 2 fL/sec. at 30® west of south. 

k an angle of elevation of tan“i t with 

a honzontal h„e whicMs i^neUned at tan- 4 north east. 

1+1/3 * yds. 


5 . 

7 - 


Perpendicularly to the stream : lOgV seconds. 

Examples 11 


1 . 

4 . 

5. 

8 . 


449| ft. 
1280000 


ft./sec.* 


2. 1 minute. 

3 


3. 330 ft. 


3200 


secs. 


848-5 ft./sec. 

10 secs, or 30 secs. 


6 * 1 inch. 

10. 2i secs 


1 . 

3. 

5. 


Examples III 

5rV minutes. 2 . 15*31 minutes. 

8^2 miles per hour, 4 . 5r®r secs. 

10V13 m.p.h. at tan“* 2y'3 with the direction of 

II Oi^ ^ 


motion of the train moving 30 m.p.h] 

6 . 16J minutes ; f miles. 9 . v sin a. 


1 . 

3. 

6 . 

8 . 

9. 

10 . 

11 . 


400.ft. 
fiOO ft. 

1 sec. ; 
96 feet. 


Examples IV 


10 secs, 
secs. 
1’5 secs, 


2. 32 ft./sec. 

4 . 400 ft. 

7. 15 secs. 


" secs. 


«!* r ■/ ’ ^ I*!* upwards from the point of projection, 

It./sec.* ; 40 ft. per second. 

(1) 800 ft. : (2) 1300 ft, ; (3) 900 ft. 
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Examples V 

1. Bin-* (1) ; 9 ft. 2- 65/^ ft. ; secs. 

3 - — 

Sin a cos 0 V g 

5. The parts are 32, 96 and 160 feet ; 3 secs. 


a/ 


of the larger and the smaller circles. 

8. 45® with the vertical. 9. 15®. 

10. Distance up the hyiJotenuse = base. 

12. Produce the line joining the lowest point of the given 
circle to the given point P to meet the circle at Q. Then, QP 
is the required line. [A circle can be drawn with P for the 
lowest point, touching the given circle at Q.] 

1 ^ ~ (yfc+'V«)* where 6 is the diameter of the 


upper circle and a that of the lower circle. 

Miscellaneous Examples 


1 . 20 ft. /sec*. 6. 6ift. ; § sec. 

7. 1200 ft./sec 9. 208 ft./sec. 

10- 

11. 1 83 ft./sec*. ; 2 69 ft./sec*. ; 57 8 sec. 

12. 200 ft./sec*. 

13. 21 ft. from the last position ; after ® sec. 

14. i see. after the start of second particle ; 14| ft. from 

O. 

16. 60 m.p.h. ; 44 sees. ; 1936 ft, ; 8 secs. 

17. 80 ft./sec. 

18. 3^ sec. from the instant of throw of the first stone ; 

84 ft. from the point of projection. 

19. 756i ft. 20. 1 sec. ; O ? sec. 

23. Uit./aecK; f ^ ft. sec*. ; 440 ft. 

24. 9° 38' S. of W ; 29^ mins. 

25 . 10 ft./sec*. ; 20 ft./sec*. ; 2, 5. 1 secs. 

29. /gh ; y/gh and 0, where h is the height of the plane. 
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33 . 

35 . 




3 . 

4 . 
7 . 

11 . 

12. 


1 . 


3 

5 . 


1 . 

2. 

3 . 

4 . 
6 . 
9 . 

11 . 

13 . 


1 . 

2. 

3 . 

5 . 


1120 ft./sec. 


* ft 
100 


34 . 72 ft./sec. downwards 

36 . 256 ft. 


50 ./2 


981 981 

13-8', 655 yds. 


cm.. 


101) v' 3 
2943 


cm. 


Examples VI 

200 tons wt. ; 1433600 ft./sec. units. 

30 cms. ; 12 cms. 6. 440 lbs. wt. 

144 lbs. 9. 440 ft. 

141'4 cms. per sec. ; 165'1 gm. wt. 

17*28 ft. 

Examples VII 

(i) 4 ft./sec*. ; (n) 7S lbs. wt. ; (tit) 20 ft. /.sec. ; 

(tv) 50 ft. 2 . 1*68 secs. ; 5*04 ft. 


716 ft.; 2 1o f t 
4 ft. ; 31 sees. 


m 

TT 


4 . 

7. 4 ft 


Examples Vlll 


1 t /7 • 


3. 


2v'3 

9 


3 


The larger mass descends with acceleration 
16 y 5 ft. per sec. ; 80 ft./sec. 

4*97 lbs. wt. 5. 107 lbs. wt. (nearly). 

24-8 lbs. wt.; 67^°. 7 . 2i ton.s ; 1*6 tons. 

2*2 ft./secs*. 10 . 3600 ft. 

16 secs. 12 . 3674 ft. 

2 min. 5l secs. ; 5640 ft. 


g 


Examples IX 

896000 ft, lbs. /sec. 

10 ft. Ibs./sec. ; (t) § lb. wt. ; (tt) 3^ lb. wt. 

11^^ lbs. wt. 4 . 4800 ft. lbs. /sec. 

10;j^ cwt. wt. ; second. 6. 6*8 ft. 
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1 . 

3. 



1 . 

3. 

5. 

7 . 

9 . 


10 . 

11 . 


Examples X 

616 ft. lbs. per second. 

0’29 ft. /sec.* 


2. 21| H.P. 
12375 N 


85204 n 

0*146 tons wt. ; 220 ft. approximately. 


tons. 


37|f H.P. 


Examples XI 

-Vh® poundals ; 4 secs. 2. 8 ft./sec. 

1431 ft. per sec. nearly. 4 . 15 H.P. 

1’07 tons-wt. ' 6. 2 secs. ; 8 ft, 

6 ft. lbs. ; 50 lbs. wt. 

( — 30) ft. in the original direction ; 75600 units of 

K.E. ; 103950 units of K.E. 

3. 

(а) 280 units of momentum : ^ x (560)* units of K.E. 

(б) 280 units of momentum ; 17| units of K.E. ; 
35 poundals. 


Examples XU 

1 . 1:3 

3. 12 ft. away from the tower ; 6 ft. away horizontally 

and 10 ft. below the top. 

4 . 40\/6ff /sec. : a=45°. 6 . 2A ; 2y^. 

7. 15" or 7.5“. 

8. 12^29 ft./sec. at an angle tan”* | with the horizontal. 

10. 60y''3 ft. . jj^ units of time. 

12 - The directrix is a horizontal line passing through the 
highest point of the circle. 13. 1760 ft. 


1 . 

4 . 

6.' 


Examples X 


II 


2uv sin ^ 

g 

2. 

61“.. 20'; 88*. 

11 ft. 11 in. 

u* 

5. 

ti cos a sec /3 ft. per sec. 

im)- 

• 

7. 
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9. At a distance \ J | from the pole 


Examples XIV 


j 2. i ; 8 ft. poundals. 

’ 2 * ’ 

3. ft. tons. 4. h ^ , 

6. 0-84 ft./sec. ; 3*696 ft./sec. ; 8*68 ft. /sec. 


Examples XV 


1. (l+c) 10 ft./sec. ti , 1 

6. The path of the ball is always parallel to a diagonal 

and it always returns to the point of projection. 

7, 2e/t sin 2a ft. 


Examples XVI 


1 . 

2. 

3. 

4. 
8 . 

10 . 

13. 

17. 


48 revolutions per minute. 

36*8 revolutions per minute. - , ^ 

Pull of 12*5 lbs. wt. at A and push of 12 o lbs. wt. at B. 
Pull of 26*8 lbs. wt. at A and push of 1*7 lbs. wt. at B. 

— IS _ e ooo o^' • 1 lVi« 


2*06 secs. ; 6*77 lbs. 
153 r.p.m. 
tan @ = 0'1 12 
50*4 tons wt. 

ft. 


/a=0112. 
0^ inches 


5. 23°. 25' ; 1*63 lbs. 

9. 40/2 ft./sec. 

12. 6*18 inches. 

63 tons wt. 


Examples XV] 


1 JT ft./sec. ; 6»r* ft./sec.^ ; ft. sec. ; Stt® ft./sec.* 

4. 3 Inches ; 0*393 seconds. 5. 25 cms. nearly. 

9 ! 36*08 poundals ; 28*92 poundaU. 
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Examples XIX 

1. 4'32 sccoiiUb. 2. 2*048 ft./sec. ; 2*052 ft., see. 

3- ?i= (jTjrf )' niiles, 

5. 1630 yards nearly ; 5 secs. 

Problems for Review 

8. 25 V Diilcs un hour ; 50 m.p.h., 120 with the direc* 

tion of train’s motion, 
a. (I) 7(>0,O8O lbs. wt. (2) 0 inches. 

29. 5*5 ft. 30. lUlbs. \rt. 32 0:7. 

33. 1 02 lbs. wl. 35 44*2 lbs. \rt. 

38. pouudals ; ©sscos-* ; t^ = cos“‘ * ; S\/2 

radians, sec. 39. I 77 ft. per second. 

40. i ton wt. 41. 4 i *7 lbs. wt. 

42. 3*26 ft. per second. 

43. (®) 3*66.. .ft./sec. (5) y i6 ft., sec. (f‘) o ft. /see. 
(d) 3*66. ..ft./sec. 
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Examples XIX 

1 . 4-32 seconds, 2. 2 048 ft./seo. ; 2 052 ft,/aeo. 

3‘ ^ 1 = ]• 4. 13‘19 miles. 

5, 1630 yards nearly ; 5 secs. 


Problems for Review 


8. 25y miles an hour ; 50 m.p.h., 120® with the 
tion of train’s motion. 

11 . (1) 766,080 lbs. wt. (2) 6 inches. 

29. 5'5 ft, 30. 11-J lbs. wt. 32. 9 : 7, 

33. 1'02 lbs. wt. 35- 44‘2 lbs. wt. 

38. 8ir* poundals ; 0=cos-* — ^ ; 0 = cos“* -f • 

radians/eec. 39. 1 77 ft. per second. 

40. i ton wt. 41 . 4 07 lbs. wt. 

42. 3*26 ft. per second. 

43, (a) 3*66 ., ft /sec. (6) 916 ft /sec. 

(d) 3*66.,.ft./sec. 


direc- 



(c) 6 ft. /sec. 




